Does the observable spectrum of cosmic fluctuations depend on detailed initial conditions? This addresses the question if the general inflationary paradigm is sufficient to predict within a given model the spectrum and amplitude of cosmic fluctuations, or if additional particular assumptions about the initial conditions are needed. The answer depends on the number of e-foldings Nin between the beginning of inflation and horizon crossing of the observable fluctuations. We discuss an interacting inflaton field in an arbitrary homogeneous and isotropic geometry, employing the quantum effective action Γ. An exact time evolution equation for the correlation function involves the second functional derivative Γ (2) . The operator formalism and quantum vacua for interacting fields are not needed. Use of the effective action also allows one to address the change of frames by field transformations (field relativity). For not too large Nin we find that memory of the initial conditions is preserved. In this case the cosmic microwave background cannot disentangle between the initial spectrum and its processing at horizon crossing. The inflaton potential cannot be reconstructed without assumptions about the initial state of the universe. We argue that for very large Nin a universal scaling form of the correlation functions is reached. This can be due to symmetrization and equilibration effects not yet contained in our approximation, which drive the short distance tail of the correlation function towards the Lorentz invariant propagator in flat space.
I. Introduction
Are amplitude and spectrum of the primordial cosmic fluctuations uniquely determined by the inflaton potential or is there some influence of the initial state of the universe? Is there a good reason to assume a quantum vacuum state during inflation and is this unique? Is it necessary to postulate or understand particular properties of the initial conditions in order to explain the simple successful picture of the almost scale invariant spectrum? Or could it be that the dynamics is such that all memory of the correlation function about the initial state is rapidly lost, such that the two point function during inflation is essentially uniquely fixed for a given solution of the field equations? Answers to these questions are crucial in order to assess if the inflationary paradigm by itself is sufficient for a unique prediction of the properties of primordial fluctuations within a given model, or if some additional ingredients are needed for their understanding.
Conceptually, it is rather obvious that the fluctuation spectrum depends in some way on the initial state. The question is how strongly. We need to understand quantitatively how much of the initial information survives at the time when the relevant primordial fluctuations go out of the horizon. This general type of problem is addressed within non-equilibrium quantum field theory. We undertake here first steps within the conceptual framework of the quantum effective action. This allows us to discuss interacting fields and to go far beyond the first investigations [1] , [2] , [3] , [4] , [5] of free fields in a pure quantum state. Interactions are crucial for possible symmetrization and equilibration processes.
The quantum effective action Γ for gravity, coupled to scalars and other fields, is the basis for the cosmological field equations. Indeed, the field equations derived by variation of Γ are exact, in contrast to those derived from the "classical action", which need to be corrected by fluctuation effects. The issue of quantum gravity can be viewed as the problem of computing the quantum effective action. String theory or the functional renormalization group [6] , [7] , [8] among others, have made important progress in this direction.
The effective action provides essential information beyond the exact field equations for the mean values of fields. It describes all aspects of fluctuations around the mean field as well. The second functional derivative Γ (2) of the effective action constitutes the exact inverse propagator. If it is invertible within a suitable space of field functions, the inversion of Γ (2) provides for a unique connected two-point correlation function (propagator, Green's function). This relation is exact. In a cosmological setting the equal time Green's function comprises the full information about the power spectrum of the cosmic fluctuations. Furthermore, the third functional derivative Γ (3) of the effective action is the one-particle irreducible three point function, from which the bispectrum can be extracted. Higher order correlations can be obtained from higher functional derivatives of Γ.
Once Γ is computed or assumed, the propagator is determined uniquely only if Γ (2) is invertible. For massless fields invertibility typically requires a regularization. This may be provided by a small mass term or, more generally, by an effective infrared cutoff as, for example, within the effective average action [6] . Special care is needed in case of local continuous symmetries. Typically, local symmetries need some gauge fixing procedure. For non-compact geometries or spaces with boundary invertibility needs a specification of boundary conditions. Once the issue of invertibility of Γ (2) is taken care of, its relation to the propagator is an exact identity. No further corrections of any kind are needed. All what is usually considered as higher order corrections in a perturbative framework, or quantum corrections in a semi-classical approach, is already contained in the effective action. The ability of finding the Green's function with a certain precision is directly connected to the ability of computing Γ to the required precision. Powerful functional methods are available for the computation of the effective action. Often general aspects as symmetries and a derivative expansion are sufficient to determine its main features.
For a given effective action cosmology reduces to a setting of classical field theory. This concerns both the field equations for mean values and the fluctuations. We will not encounter any operators, commutation relations or quantum vacua in our discussion. On the level of the effective action there is no distinction between classical and quantum fluctuations. Only one object describes all aspects of Gaussian fluctuations -it is the Green's function as obtained from the second functional derivative of Γ. This raises interesting questions on the "quantum origin" of the cosmic fluctuations. In quantum field theory Γ is regarded as a quantum object -hence the name "quantum effective action". It can also be viewed, however, as a generating functional obtained by a Legendre transform of the logarithm of the partition function in a rather general setting of statistical physics. This poses the question if and which particular quantum properties are needed for the understanding of the origin of cosmic fluctuations.
Field relativity [9] states that the expectation values of physical observables do not depend on the choice of fields used for their description. Observations are the same for all "frames" obtained from each other by arbitrary nonlinear field transformations. This strong principle is only practically valid on the level of the effective action, where observables are simply expressed as functionals of fields or correlation functions. (On the level of functional integrals a field transformation involves a Jacobian that is most often too complicated to be handled in practice.) In order to establish the equivalence of different frames for fluctuation properties it is therefore crucial that they can be extracted from the effective action. This is an additional motivation of the present note. On the level of the effective action the expression of a given fluctuation observable in terms of fields transforms according to the general rules of field transformations. For example, the correlation function is a field bilinear and transforms as such. Typically, the correlation functions themselves are not frame-invariant, but the physical observables describing the properties of fluctuations are. Within the framework of the effective action the mapping between different frames becomes much easier than the question which quantum state in one frame corresponds to the vacuum (or other quantum state) in another frame.
The standard treatment of primordial cosmic fluctuations [10] [11] [12] [13] [14] [15] [16] employs the linearized field equations for small deviations from a background cosmology. They permit to compute the time evolution of the power spectrum, which is associated to the squared fluctuations in momentum space. As for any linear problem an initial value is needed in order to fix the amplitude. This is usually provided by invoking the quantum fluctuations in a given "vacuum" for a given cosmological geometry, as for example the "Bunch-Davies" vacuum [17] for de Sitter space. There is an ongoing discussion on the selection of the "correct vacuum" for de Sitter space, [18] [19] [20] [21] . More generally, the question has to be answered why the fluctuations are described by the vacuum and not by some arbitrary excited state, mixed quantum state or classical state. From a pure conceptual viewpoint an arbitrary consistent "initial" state is allowed. Properties of the fluctuation spectrum may depend strongly on the assumed initial state.
Within the concept of the functional integral underlying the effective action, the "initial values" are set as boundary values of fields and correlation functions. They may be set at the "beginning of the universe", which actually corresponds to infinite physical time in the past for typical inflationary cosmologies [22] . We are less ambitious here and set boundary conditions or "initial values" at the beginning of the inflationary epoch. For certain models this may coincide with the " beginning of the universe" in the infinite past [9] , [23] . The issue of the influence of initial values can now be addressed in a practical way as the question to what extent information about the boundary values of fields is still available for some given cosmological time.
As a general property, such information has a tendency to be "forgotten" as time increases. One often finds an approach to a symmetric state. The lower functional derivatives of Γ are then largely fixed by a few couplings consistent with symmetries and effective locality (derivative expansion). Assuming that for a given epoch this simple form of Γ is already realized, the information on boundary conditions is no longer encoded in Γ (2) . As a consequence, Γ (2) is not invertible and the correlation function is no longer fixed uniquely by Γ (2) . In this approximation the effective action determines only the time evolution equations for the correlation functions. The correlation functions themselves are uniquely specified only once the initial conditions for the time evolution are fixed. The information about the initial state appears now in the form of initial values for differential equations. This is similar to the evolution of the mean fields. A given Γ determines the field equations. Initial values are needed to select a cosmological solution.
A central part of our investigation are the time evolution equations for correlation functions. They permit us to start with arbitrary initial conditions for the fluctuations and to follow them until horizon crossing and beyond. In principle, the effective action and the initial conditions determine the correlation function for all times. Suitable composite fields for the energy momentum tensor of matter and radiation may be needed for an efficient description of late cosmology. We are concerned here mainly with the early stage of inflationary cosmology where radiation and matter play no role. The effective action is then typically a functional of the metric and a scalar inflaton field. In the present paper we simplify even further by considering the correlation function of a scalar field in a given geometric background. For a given effective action for the scalar field, a given geometric background, and given initial values for the Green's function the propagator is then fixed for all times.
For the effective action of the scalar field we assume the standard form of a covariant kinetic term plus a potential. In this setting we derive an exact time evolution equation for the Green's function. For a subset of initial conditions it is equivalent to the standard approach of computing the linear time evolution of a small fluctuation around the background, but shown to be exact in our context. We argue that such an exact evolution equation holds in much more general circumstances. The solution of this equation for the simple case of a free massless scalar field in de Sitter space is shown in Fig. 1 , where we plot the equal time correlation function k 3 G(k, η)/H 2 0 as a function of u = kη = −k/(aH 0 ) for different initial conditions. Here G is the correlation function, η conformal time, k the wave number, a the scale factor and H 0 the Hubble parameter. The smooth curve is the scaling correlation corresponding to the Bunch-Davies vacuum [17] . The oscillating curve that vanishes for u → 0 and touches zero at regular intervals corresponds to the Green's function which is well defined in position space and consistent with the symmetries of de Sitter space, cf. ref. [24] . The two other curves employ more arbitrary initial conditions. The generic behaviour shows oscillations whose amplitude decreases due to Hubble damping. At horizon crossing (u = −1) the relation between fluctuation amplitude and Hubble parameter depends on the initial conditions.
It is obvious from Fig. 1 that information about initial conditions is not lost at the time of horizon crossing. It is this moment that is relevant for observations, since in the presence of metric fluctuations there exists a fluctuation quantity that remains preserved after horizon crossing and transports the information of the primordial spectrum to the density fluctuations in the late universe. Our finding of a preserved memory of initial conditions differs from a tendency towards a loss of memory discussed in refs [2] , [4] . This is due to the facts that we discuss the fluctuation spectrum rather than the energy momentum tensor, that the relevant time is horizon crossing and not asymptotic time, and that we discuss initial conditions that are less restrictive, not imposing a pure quantum state. We show that memory of initial conditions is preserved for a rather wide setting where explicit boundary terms in Γ and backreaction effects for the evolution of the mean fields are neglected. Such a behaviour is implicitly assumed in ref. [3] .
The memory of initial conditions has two aspects. We may not impose de Sitter symmetry on the initial conditions because we want to study a possible symmetrization starting from more arbitrary initial conditions. In this case the evolution shown in Fig. 1 holds for each momentum mode separately. For each k the overall amplitude of G can be multiplied by an arbitrary k-dependent factor. One finds that no symmetrization occurs in our approximation. In particular, the spectral index of the fluctuations n s receives a contribution from the shape of the initial spectrum. It is no longer uniquely determined by the shape of the inflaton potential.
One may also study what happens if de Sitter symmetry or other symmetries of the mean field solution are imposed on the initial conditions for the correlation functions. In this case the amplitudes for different k-modes are related by symmetry. For Minkowski space the requirement of symmetry is sufficient to make Γ (2) invertible and therefore to obtain a unique Green's function. This is not the case for de Sitter space, mainly due to the lack of time translation invariance. The symmetries of de Sitter space are not sufficient to fix the propagator of a scalar field uniquely, even if we regulate by a small mass term. In the presence of de Sitter symmetry the general solution to the propagator equation involves three free parameters which reflect the dependence on the initial conditions. These parameters can influence the amplitude of the primordial fluctuations substantially. If nothing fixes these parameters, the observable cosmic fluctuations retain information about a particular initial state even if de Sitter symmetry of the correlation function is imposed.
Different criteria for a de Sitter invariant propagator lead to different correlation functions at the time of horizon crossing. If one requires that for de Sitter space a well defined propagator exists in position space and is consistent with the symmetries, the spectrum of cosmic fluctuations is modified as compared to the standard scenario. While the shape of the spectrum (spectral index) reflects mainly the symmetry of de Sitter space and remains unaltered, the amplitude is reduced by a factor around ten.
We conjecture that for a sufficiently long time between the beginning of inflation and horizon crossing of the observable fluctuations the time evolution selects a unique "asymptotic propagator" or "scaling correlation". A condition for the selection of the scaling correlation is formulated by analytic continuation. We postulate that the analytically continued Green's function should not increase exponentially in the infinite past. For a de Sitter geometry this criterion leads to the correlation function of the BunchDavies vacuum. It can be formulated, however, even if no exact symmetry is present.
The question if such an asymptotic attractor exists, and if it obeys our conjecture, can only be settled by an investigation of the time evolution of correlation functions for a large space of initial conditions. In the absence of explicit boundary terms in Γ, neglecting backreaction and assuming only terms with up to two time derivatives we find no approach to such a scaling correlation that is reached before or at horizon crossing. With these approximations, however, we would not find an approach to the Lorentz symmetric propagator in Minkowski space or to thermal equilibrium either. We expect some type of equilibration process that brings the correlation functions at least for ultra short distances to the Lorentz invariant propagator. For a very long duration of inflation before the observable fluctuations cross the horizon it is the information about the initial ultra short wavelengths that becomes observable. A very long epoch of inflation can bring them to a Lorentz invariant form even if the equilibration time is extremely long. This will be sufficient to establish our conjecture.
In this paper we illustrate the considerations above by a computation of the scaling correlation for a scalar field in a cosmological background close to de Sitter space. Several . We show the equal time Green's function G(k, η) in units of H0 and multiplied with −k 3 , as a function of u = −k/(aH0). In these units the curves do not depend on the comoving wave number k. Except for the smooth "universal de Sitter propagator" the characteristic behaviour shows Hubble-damped oscillations. Memory of initial conditions is kept at horizon crossing for u = −1. This is best seen in the lower part of the figure which focuses on a smaller interval in u.
of the concrete results are known -our emphasis lies here on the derivation from the effective action and on statements to which extent results are exact or only approximative.
If our conjecture is true, the equal time correlation function for a massless scalar obeys in momentum space, with scale factor a(t) and Hubble parameter H(t),
where
The function f (y) is close to one for small ν as appropriate for inflation. Its precise form is computed by a numerical solution of a nonlinear second order differential equation. For de Sitter space, ν = 0, one has f = 1. This paper is organized as follows: In sect II we recall briefly the relevant properties of the quantum effective action. We formulate it in a framework that permits a straightforward analytic continuation by changing the value of a "background vierbein". We turn in sect. III to the correlation function for a massless scalar field in a homogeneous and isotropic cosmology. The defining "propagator equation" relates the Green's function G to the second functional derivative of the effective action Γ (2) . It is a partial differential equation for G depending on conformal time η and comoving space-distance r. We relate the short distance behavior of the propagator to the one in flat Minkowski space and discuss the form of the next to leading terms in position space.
The propagator in three-dimensional momentum space is addressed in sect. IV. The propagator equation can be solved for each mode independently , with an inhomogeneous term restricting partially the normalization for each mode separately. We discuss the general solution of the propagator equation in de Sitter space. It shows no loss of memory. We explore the properties of a possible unique scaling correlation. The symmetries of de Sitter space are not strong enough to select a unique propagator. We formulate our conjecture on the properties of the analytically continued propagator, which is assumed to be realized as a result of the time evolution of correlation functions. On the space of functions for which the boundary behavior of the analytically continued Green's function is restricted not to diverge exponentially towards the past, the second functional derivative Γ (2) becomes invertible. The de Sitter propagator is then unique for the modes with non-zero momentum and corresponds to the Bunch-Davies vacuum. The Fourier transform of this propagator is not well defined due to the lack of regularization for the zero-momentum mode. The proposed unique propagator differs from a possible de Sitter invariant propagator that is well defined in position space.
Sect. V addresses the central formulation of a timeevolution equation for the correlation function that allows for an investigation of the role of initial conditions. We display an exact evolution equation for a free massless scalar field in de Sitter space and discuss the properties of its general solution. We find that the memory of initial conditions is not lost in this case, cf. Fig. 1 . We argue that non-linearities due to explicit boundary terms in Γ or backreaction are needed in order to realize our conjecture. We discuss the general structure of the evolution equation for interacting theories in the absence of such effects and show that their general solution keeps memory of the initial conditions. We formulate effective quantum fields for interacting theories and use them to discuss the structure of initial conditions.
In sect. VI we compute the universal scaling correlation for realistic inflationary geometries, assuming that our conjecture is true. We make contact to the standard results of slow roll inflation. Our results are partly exact, as for constantḢ/H 2 and H −2 ∂ 2 V /∂ϕ 2 , with V (ϕ) the inflaton potential. We also discuss the regularization of the de Sitter propagator by a mass term. In sect. VII we turn to the correlation function for a massive scalar in de Sitter space. Sect. VIII addresses the issue of symmetries, in particular the consequences of the symmetry of de Sitter space and coordinate scale symmetry. The universal propagator is assumed to be consistent with the symmetries of the action and mean field solution. De Sitter symmetry is a strong constraint, but not sufficient to fix the propagator uniquely.
In sect. IX we turn to the impact of initial conditions on the spectrum of cosmic fluctuations as observed in the cosmic microwave background. We formulate the evolution equation for correlation functions for an arbitrary inflaton potential and discuss the general solution. The initial spectrum is only processed at horizon crossing by the scale violating effects related to the inflaton potential. If inflation does not last too long between its beginning and the horizon crossing of the observable fluctuations, the neglection of explicit boundary terms in Γ as well as backreaction becomes justified. In this case observation can look back to the beginning of inflation. We present an example for an initial spectrum that modifies amplitude and spectral index for the observed fluctuations. Conclusions are drawn in sect. X.
II. Effective action and analytic continuation
The key element for the description of fluctuations is the propagator G(x, y) = G(η, x; η ′ , y), where we take for η, η ′ conformal time. For a homogeneous background it can only depend on r = x − y, G(η, x; η ′ , y) = G( r, η, η ′ ), with Fourier transform
Isotropy implies G( k, η, η
The power spectrum of cosmic fluctuations is related to the equal time propagator, η = η ′ ,
The central simple observation of this note recalls that the second functional derivative Γ (2) of the quantum effective action yields the exact inverse propagator. If Γ (2) is invertible the propagator and therefore the power spectrum can be obtained by matrix inversion. If not, the condition
yields a time evolution equation for the correlation function whose solution depends on initial conditions. Invertibility depends on the space of functions that are admitted for G.
Effective action
The quantum effective action arises from a functional integral formulation of quantum field theory, that we recall briefly here for an arbitrary geometrical background and arbitrary signature. The starting point is the partition function, which is defined by a functional integral in the presence of sources
Here the generalized vectorφ(x) =φ(η, x) stands collectively for all fluctuating fields, j(x) are the associated sources and we use euclidean sign conventions for the action. The geometry is described by a "background vierbein" e iϕ , with fixed coordinates x µ = (η, x) and fixed fieldsφ [25] . (For earlier somewhat different approaches to analytic continuation see refs. [26, 27] .) Arbitrary background metrics
can be described in this setting. Our fixed coordinates (η, x) span Ê 4 (or a suitable subspace), with time coordinate η corresponding to conformal time. The geometry of a homogeneous and isotropic universe is given by
with a(η) the scale factor and
where t and H are time and Hubble parameter of the Robertson-Walker metric. Metric fluctuationsh µν can be included intoφ, defining a fluctuating metric
We define the functional
such that
As usual, the quantum effective action Γ[φ] obtains by a Legendre transform
with j[φ] obtained by inverting eq. (12). For our purpose it is advantageous to consider J = ej as independent sources, with ∂W/∂J(x) = φ(x). Then W [J] is the generating functional for the connected Green's functions forφ. The second functional derivative Γ (2) = ∂ 2 Γ/∂φ(x)∂φ(y) and the second functional derivative W (2) = ∂ 2 W/∂J(x)∂J(y) can be viewed as matrices. The matrix identity
follows directly from the Legendre transformation (13).
Correlation function
The correlation function (connected two point function, Green's function, propagator) is defined as
. (15) It is a symmetric function
If Γ (2) is invertible the Green's function can be found by matrix inversion of the "inverse propagator" Γ (2) ,
In this case the propagator can be extracted directly from the quantum effective action, without any further assumptions. The effective action is well defined for fields and sources for which the relation φ[J] is invertible. The relation (14) requires Γ (2) to be a regular matrix without zero eigenvalues. This is typically only the case if explicit boundary terms are included in Γ or if boundary conditions are imposed on G. Formally, this is achieved by adding to S in eq. (6) boundary terms that are non-vanishing only at the boundaries. We will assume such boundary terms in the infinite past η → −∞ or for large negative η. They are equivalent to a specification of the initial values of fields and correlation functions in the infinite past [28, 29] . The boundary conditions affect the form of Γ close to the boundary. With restrictive enough boundary conditions ϕ[J] is unique and Γ (2) is invertible. In this paper we do not deal explicitly with the boundary terms in S or Γ. We rather consider a finite time η for which we assume that Γ has already a rather simple form. We will question the validity of this approximation in sect. V. Eq. (5) is valid for all η. Without the explicit boundary terms Γ (2) is no longer invertible, however. We have therefore to consider the general solution of eq. (5) which involves initial values as free parameters. The effect of a given set of boundary terms translates to the selection of a given set of initial values. At this stage we may still impose generic boundary conditions as the absence of a too strong divergence of correlation functions towards the infinite past. Furthermore, one may require that the symmetry of the background solution is shared by the correlation functions.
For euclidean signature Γ (2) often becomes invertible if one excludes functions that diverge too strongly at the boundaries. For Minkowski signature the justification of boundary conditions is less obvious. Our conjecture concerns a specification of the boundary conditions for the analytically continued Green's function in the vicinity of Minkowski signature. Ultimately, it has to be justified by a study of the time evolution of correlation functions with arbitrary initial conditions at the boundary. The choice of boundary conditions is an analogue to the choice of a "vacuum" in the operator formalism of quantum mechanics.
We will consider here more general initial states, including excited pure quantum states, mixed states and "classical states".
Even the specification of generic boundary conditions does not render Γ (2) invertible for all situations. Massless fields often induce zero eigenvalues of Γ (2) . Obtaining a unique correlation function for massless fields may necessitate the addition of a regulator R to Γ (2) , such that Γ (2) +R is invertible even if Γ (2) is not. One may then consider the limit R → 0. The presence of a suitable infrared regulator leads to the concept of the effective average action [6] .
III. Correlation function for free massless scalar field in homogeneous and isotropic cosmology
Before turning later to more realistic inflationary models with an inflaton potential and interactions we investigate in this section the correlation function of a free massless scalar field in a homogeneous and isotropic geometry. We start with flat Minkowski space where Poincaré symmetry can be employed to define the unique scaling correlation. This scaling correlation corresponds to the propagator in the vacuum. It transforms under scale transformations according to its dimension and contains no parameter with dimension of mass -hence its name. For more complicated geometries scale symmetry remains no longer realized. We conjecture that a possible scaling propagator towards which correlation functions are attracted for arbitrary initial conditions has a high momentum limit given by the universal free propagator.
Time translation symmetry or Lorentz symmetry will no longer act as a selection principle to find the scaling propagator for more complicated geometries. We can, instead, use the properties of analytic continuation. Indeed, for the analytic continuation to a flat space neighboring Minkowski space one finds that Γ (2) is invertible provided one imposes the generic boundary condition that the correlation function should not diverge exponentially towards the infinite past. This criterion for the scaling correlation needs no particular symmetry and can be generalized to a wide class of geometries. For this reason we construct in this section the universal propagator for Minkowski space by analytic continuation.
We also discuss the general short distance behaviour of the correlation function in position space. For arbitrary geometries it resembles closely the one for Minkowski space. This does not imply, however, that the high momentum behaviour of the propagator is the one for Minkowski space.
Propagator equation
The identity (5) is the central equation for the computation of the propagator of a real scalar field ϕ(x) in a homogeneous cosmological background (8) . For the partic-ular case of a free massless field one has L = ∂ µ ϕ∂ µ ϕ and the effective action reads
withē = i for Minkowski signature andē = 1 for the euclidean version, e =ēa 4 ,ḡ 00 =ē −2 a −2 ,ḡ kl = a −2 δ kl . The second functional derivative Γ (2) can be written as a differential operator
The "propagator equation" (5) takes therefore the form
Our task is a solution of this equation for the Green's function G.
The space of functions G is restricted by exchangesymmetry (16) and "reality". For euclidean signature a real action implies that G is real. For Minkowski signature we write
with step function θ(x) = 1 for x > 0, θ(x) = 0 for x < 0 and θ(0) = 1/2. Symmetry implies that G s and G a are symmetric and antisymmetric functions, respectively,
For Minkowski signature the action and the argument of the exponential function in eq. (6) are purely imaginary. The reality condition for Minkowski signature states that G s is real and G a purely imaginary,
For Minkowski signature solutions of the propagator equation (20) can be found if both G s and G a obey the homogeneous equation
with
With
the solution of the inhomogeneous equation (20) requires
For Minkowski signature the "defining equation" for the Green's function G reads explicitly.
such that for purely imaginary G a both sides of eq. (28) are real, or both sides of eq. (27) purely imaginary. Eqs. (21), (22), (23), (24), (26), (27) generalize to a much wider setting than a free massless scalar field. The propagator is uniquely defined only if the operator D is invertible. If not, there exist non-trivial solutions of the differential equation DH = 0. Any combination G + H solves then eq. (28) as well as G. For Minkowski signature the propagator equation (28) admits a large family of solutions. This is obvious from eqs. (24), (27) . The inhomogeneous term only affects G a , while the differential equation for G s is a linear equation without further restrictions. Some statement on the initial conditions for G s is needed in order to specify the propagator.
We are interested in solutions that are connected to the euclidean setting by analytic continuation. We therefore choose e m 0 = e i( π 2 −ǫ) a = i(1 − iǫ)a, ǫ > 0, and take ǫ → 0 at the end. Eq. (28) is thus modified
Our conjecture for the scaling correlation states that for ǫ > 0 the Green's function should not increase exponentially for η → −∞. With this conjecture the only remaining solution of DH = 0 is H = const. This degeneracy with respect to a constant shift in G is characteristic for a massless field. To make Γ (2) fully invertible a regulator is needed. For example, the addition of a small mass term makes Γ (2) regular, as we will discuss later. Then the propagator G and therefore the power spectrum for fluctuations follow from the unique solution of the differential equation (29) , without any further assumption about a particular "vacuum state". Of course, as mentioned before, our conjecture needs ultimately to be justified by an investigation of general initial conditions for the solutions of eq. (28).
Propagator in flat space
Our task is the computation of the Green's function for the operator D. Without loss of generality we take η ≥ η ′ . The symmetry of G under the exchange η ↔ η ′ , x ↔ y can then be used to infer the result for η ≤ η ′ . We first consider flat Minkowski space with constant scale factor a and H = 0. We write the propagator in terms of its Fourier transformG.
For the universal scaling propagator we assume translation symmetry both in space and time, such thatG(ω, k; ω ′ , k ′ ) is diagonal both in frequency and momentum. For ǫ > 0 Γ (2) is invertible and inversion of the operator D is then done easily in Fourier space,
The unique scaling propagator in position space obtains from eq. (30)
.
(33) Performing the ω-integration yields
The three dimensional k-integral can be reduced to an integral over k = | k|, with r = | x − y|,
The result for general e 
with ∆x µ = (η−η ′ , r), ∆x µ =ḡ µν ∆x ν . For small ǫ > 0 this coincides with eq. (35) . We recognize the analytic continuation from flat euclidean space as well as the associated generalized Lorentz-symmetry. For Minkowski space the requirements of Lorentz symmetry or the analytic continuation fix the propagator uniquely (up to a constant).
In the limit ǫ → 0 the propagator (35) becomes
The first term corresponds to G s in eq. (21) . For r 2 = (η − η ′ ) 2 the limit ǫ → 0 can be taken without further complication. In particular, the equal time Green's function takes the simple form
It is time-independent and reads in momentum space
For r = 0 the imaginary part of the propagator (37) can be written in the form (21) with
It is straightforward to verify eqs. (24) and (25) . The universal propagator in Minkowski space can be extended to a large class of homogeneous and isotropic cosmologies. Assume that we move continuously away from flat space by switching on a non-trivial η-dependence of the scale factor a(η). The propagator will move continuously away from the free propagator. As long as the operator D in eq. (29) remains invertible for ǫ > 0 the Green's function remains unique, determined by eq. (29) . A unique Green's function would imply the loss of memory of the initial state of the universe.
The issue of the influence of initial conditions concerns the impact of boundary terms for ǫ = 0. In our discussion of the propagator in Minkowski space we have not been very explicit on the choice of boundary conditions. The propagator (37) is the only one compatible with Poincaré-symmetry and therefore singled out. Such a symmetry argument is no longer available if a(η) depends on η. In particular, time translation symmetry is lost. For ǫ > 0 we may require that the propagator in momentum space does not diverge exponentially as the past boundary (typically for η → −∞) is approached. This boundary condition is independent of symmetries and sufficient to single out a unique propagator for ǫ > 0.
For ǫ = 0, however, there will appear other solutions that do not diverge exponentially at the boundary. They can transport information about initial conditions to any finite time η. It is a dynamical question if the unique analytically continued Green's function is approached rapidly enough such that memory of initial conditions is effectively lost. We will see that for a free scalar field in a given background geometry this is actually not the case. At best our conjecture for a unique propagator can hold in the presence of interactions.
Short distance behavior of propagator
We next turn to the short-distance behavior of the propagator in position space which is closely related to the one in Minkowski space. Indeed, the leading behavior of the Green's function G(r, η, η ′ ) for r → 0 and η → η ′ is given by
which replaces in the free Green's function (35) the factor a 2 by a(η)a(η ′ ). With
we observe
This yields
Thus δG 1 is determined by an inhomogeneous differential equation in terms of G 0 . The r.h.s. is less singular than the δ-distributions in eq. (29) . The leading singularity is therefore taken care of by G 0 . For the particular geometry of a radiation dominated universe (η > 0),
the r.h.s. of eq. (44) vanishes and G 0 is the exact propagator. For the general case we may explore near r = 0, η = η ′ a propagator of the form G 0 + G 1 , with
We note that G 1 is less singular for r → 0, η → η ′ than G 0 . (We have set ǫ = 0 for G 1 , and similarly on the r.h.s. of eq. (44).) Inserting eq. (46) into eq. (44) yields (r = 0 or η = η ′ )
where H stands for H(η). As compared to D(δ 1 G) in eq. (44) we see how the degree of divergence of D(δ 2 G) for r → 0, η → η ′ has decreased further. We observe that G 1 vanishes for η = η ′ . The form of G 1 is not unique, however -the contribution δ 2 G may have a similar divergence for r → 0, η → η ′ . Furthermore, DG 1 contributes for r = 0, η = η ′ to an inhomogeneous term. This contribution has to be canceled by δ 2 G.
A unique short distance behaviour in position space, as given by G 0 , does not imply that the limit k → ∞ in momentum space is unique. We will encounter examples where
Short distance propagator in de Sitter space
Let us consider the particular geometry of de Sitter space,
(The range of η is here −∞ < η < 0,
For this case we may investigate
For the particular case of de Sitter space one finds
is an exact solution of the propagator equation (28), including the inhomogeneous term. The propagator
involves an undetermined scale r 0 which corresponds to the possibility of a constant shift in G. The equal time propagator for η ′ = η takes the simple form
The dependence on η − η ′ is independent of the scale r 0 . In particular, one has
The functionḠ(r, η, η ′ ) in eq. (53) solves equation (28) the contributions of G 1 and G 2 to the inhomogeneous term cancel. Nevertheless,Ḡ(r, η, η ′ ) may not be considered as an acceptable propagator for de Sitter space. In particular, G(r, η) turns negative for large r and the Fourier transform is not defined. Furthermore,Ḡ(r, η, η ′ ) is not invariant under the symmetries of de Sitter space. One should therefore considerḠ(r, η, η ′ ) only as a good approximation for small r and (η − η ′ ). We will turn to this issue in sect. VIII.
IV. Propagator in momentum space
In momentum space one can decompose the propagator equation into separate ordinary linear differential equations for each momentum-mode. We employ this in order to construct the most general solution for the correlation function of a free massless scalar field in de Sitter space. It preserves the memory of initial conditions. We also construct the universal scaling correlation according to our conjecture. It equals the one found from the Bunch-Davies vacuum. We discuss the Fourier transform to position space and identity the solution which corresponds to a well defined propagator in position space with de Sitter symmetry [21] . The latter differs from the scaling correlation.
Green's function in Fourier space
Due to the translation symmetry in the x-coordinate it is often convenient to make a Fourier transform in the threedimensional subspace. On the other hand we keep the time η, for which a Fourier transform is for most cases not useful because of the lack of time-translation symmetry of the background geometry. With
and the conditionφ
for real fieldsφ(x), the Green's function for a real scalar field in Fourier space reads
It is the Fourier transform of G(η, x; η ′ , y),
We use translation and rotation symmetry,
where G(k, η, η ′ ) obeys eq. (3). The matrix equation (5) can be formulated in an arbitrary basis. In (three-dimensional) Fourier space one has, withē = e iϕ ,
The defining equation (20) for the propagator reads
In Fourier space the propagator equation can be solved separately for each k-mode. In particular, the inhomogeneous term on the r.h.s. of eq. (62) restricts the normalization for each k-mode separately. The Fourier transform of G 0 reads
The relation
fixes the normalization of G 0 uniquely. Insertion of eqs.
(63), (64) into eq. (62) yields the Fourier transform of eq.
Solution of homogeneous equation
For solutions of the propagator equation (62) we consider first the ansatz
with w k obeying the homogeneous linear differential equationD
This ensures for η = η ′ the homogeneous equatioñ
in accordance with eq. (62). The ansatz (66) is not the most general solution, which we will discuss later. For appropriate w ± k it will describe the scaling correlation. We next explore for w k the form
and realize that G 0 (k, η, η ′ ) in eq. (63) obtains fromG for y ± k (η) = 0. The functions y ± k (η) obey the inhomogeneous differential equation
It is straightforward to verify that our ansatz solves eq. (65) for η = η ′ . We may take η > η ′ and evaluate the difference between l.h.s. and r.h.s. of eq. (65),
Thus eq. (65) is indeed obeyed, and similarly for η < η ′ . Simple solutions with constant y
are found if the scale factor obeys
This is the case for de Sitter space withē = i, a = −1/(H 0 η), f = H 0 , where
The Green's function defined by eqs. (66), (74) is precisely the one of the Bunch-Davies vacuum [17] . For geometries obeying eq. (73) the explicit form of our ansatz for the propagator reads for η > η
where we observe the relatioñ
Using this explicit form we can now investigate if the ansatz (69), (72) indeed obeys the defining eq. (62). We will see that this is not the case for general f .
Solution of inhomogeneous equation
For the general investigation of the inhomogeneous term in the propagator equation (62) we denote the propagator for η > η ′ by G > and similarly use
(77) The symmetry of the Green's function implies
For Minkowski signature the reality condition takes the form
while for euclidean signature G > and G < are real. We decompose G > into its symmetric and antisymmetric part with respect to an exchange of the time arguments,
The propagator for arbitrary η and η ′ becomes then
Applying the operatorD k , eq. (67), yields
The first two terms vanish by virtue of eq. (67). Only the antisymmetric part G a can contribute to the inhomogeneous term in eq. (62). In particular, the equal time propagator G(k, η) = G(k, η, η) only contributes to G s and therefore not to the inhomogeneous part. Besides the conditionsD
the Green's function has to obey
The time derivative of the antisymmetric part of G 0 already produces the correct coefficient of the term ∼ δ(η − η ′ ) in eq. (62). For the solution (75) this equation is therefore only obeyed if
One has
and, for η = η ′ ,
The condition (85) 
with w ± k (η) given by eq. (74) and
with arbitrary complex constants α ± (k), β ± (k). We infer
and
This fixes
The general solution of the propagator equation (62) therefore involves three free functions α − (k), β + (k) and β − (k),
We next employ the reality condition (79). This imposes the restrictions
We are left with three real free functions that we denote by
The most general propagator in de Sitter space reads
The equal time correlation function can be extracted from G s ,
A requirement of positivity of G(k, η) imposes some restrictions on α, β and γ -the amplitude of the oscillating last two terms should not exceed the term ∼ α. The functions α(k), β(k) and γ(k) can be related to initial values of G(k, η) and its time derivations at large negative η. They therefore contain the information about the initial conditions. We show G(k, η) for different values of α, β and γ in fig. 1 . At the time of horizon crossing the memory of initial conditions is not lost. Since initial conditions can be set independently for each k-mode the general solution (97) retains memory of both the amplitude and the shape of the initial fluctuation spectrum.
One may investigate a particular subset of initial conditions for which the correlation function is invariant under the symmetries of de Sitter space. We will show in sect. VIII that the symmetries of de Sitter space require the functions α, β and γ to be independent of k. Nevertheless, we have no unique Green's function even at this stage. In the limit of modes far outside the horizon, |kη| ≪ 1, the equal time correlation approaches
For α = β this has the same k-dependence and therefore the same spectrum of the fluctuations as for the usually assumed Bunch-Davies vacuum. Nevertheless, the amplitude of the fluctuations involves an undetermined factor α − β.
The relevant quantity for the observable cosmic fluctuation is the value of G(k, η) at horizon crossing, k/a = H 0 , kη = −1, cf. sect. VI. There we find
For α, β, γ of the order one this is only a moderate difference from the value for the Bunch-Davies vacuum c hc = 1. If de Sitter symmetry is realized the spectrum ∼ k
is independent of the detailed values of α, β and γ. The main features of the observable spectrum follow already from symmetry and dimensionality, despite the fact that memory of initial conditions remains for the general solution (97). For symmetric correlation functions this memory affects the relation between the fluctuation amplitude and the Hubble parameter, which in turn is given by the inflaton potential. For the connection between the observed fluctuation amplitude and the inflaton potential it will be an important task to establish if there are good reasons for a choice α = 1, β = γ = 0, or if the fluctuation amplitude remains to some extent an undetermined dynamical quantity which retains information about the "initial state" of the universe. We will see that a Fourier transform to position space only exists for α = β. In this case the fluctuation amplitude is suppressed as compared to the scaling correlation by a factor around ten.
De Sitter propagator
We next formulate our conjecture for the scaling correlation that may be realized as an effective attractor solution for a large range of initial conditions. We propose an additional condition on the propagator which will make it unique (except for k = 0). It is based on the behavior of the analytically continued Green's function in the infinite past for η → −∞. The condition requires that G should not diverge exponentially in this limit. In a certain sense, this condition is the analogue of the iǫ-prescription for the Green's function in Minkowski space. It is our conjecture that for a long enough duration of inflation before horizon crossing of the observable fluctuations the time evolution of the propagator approaches this unique "de Sitter propagator" for rather arbitrary initial conditions. For ϕ = π 2 − ǫ one has to replace for w − k in eq. (74) the factor e −ikη by e −ikη e −ǫkη and similarly for w + k ∼ e ikη e ǫkη . For a given η the contributions ∼ α − (k) and β − (k) in eqs. (88), (89) diverge exponentially for η ′ → −∞. We require that the correlation between the value of the scalar field in the infinite past,φ(η ′ → −∞, x ′ ), and the one at given time η,φ(η, x), is not exponentially divergent. This implies α − = β − = 0. The function β + (k) remains undetermined by these considerations, such that our condition still allows for η > η
This differs from the situation in flat space where the requirement that G does not diverge exponentially in the infinite future for η → ∞ also excludes the combination w
For de Sitter space one has η < 0 and the correlation (101) remains finite in this range.
The property excluding nonzero β + is the reality condition (79). Indeed,
is compatible with eqs. (74), (79) only for β + = 0. For the most general Green's function consistent with reality, as given by eqs. (95), (96), one infers from α − = β * + = 0 that β = γ = 0, while β − = 0 implies α + = α = 1. It is the combination of reality and the boundary behavior of the analytically continued Green's function that selects the unique scaling correlation for de Sitter space.
For k = 0 we are therefore left with a unique propagator in momentum space, given for η > η ′ by
For k = 0 the ambiguity of adding a constant in position space translates to the possibility of adding to G(k, η, η ′ ) a term ∼ δ(k). This ambiguity can only be resolved if we regulate Γ (2) , e.g. by adding a small mass term. The absence of regularization translates to the absence of a well defined Fourier transformation to position space. Indeed, the term k −3 results in an infrared divergence of the Fourier integral.
The infrared divergence of the de Sitter propagator shows also up in loop calculations [1, [30] [31] [32] [33] [34] [35] [36] . This is of no direct concern here since loop effects are supposed to be already incorporated in the quantum effective action. For practical purposes the infrared singular behavior is often cut off by a physical infrared cutoff connected to a typical characteristic length scale for a given observation [33, 34] .
The analytic continuation of the propagator (103) reads explicitly
For euclidean signature the analytic continuation of de Sitter space is a maximally symmetric space with negative curvature (R = −12H 2 0 /ē 2 ), not the sphere. The Green's function for this non-compact space is given by eq. (104) withē = 1. We observe that it is real and turns negative for a(η)H 0 /k > 1.
While appealing by its simplicity, our condition on the behavior of the analytically continued Green's function requires justification. Ultimately, one has to understand that dynamically a unique Green's function is singled out among a much more general class of time evolving correlation functions. This can at best be realized in the form of an asymptotic attractor solution that is approached rapidly enough such that the memory about the initial state is effectively forgotten. We will come back to this question in the next section and in sect. VIII. 
in accordance with eq. (36). ForG 1 one obtains
For ϕ = π/2,ē = i the first term in eq. (106) equals G 1 in eq. (46) , whereas the second term vanishes.
We next consider the difference betweenG 2 (r, η, η ′ ) and its equal time counterpartG 2 (r, η, η),
This is a well defined Fourier integral for Re(ē) ≥ 0. For Minkowski signatureē = i the real part reads
This coincides with G 2 (r, η, η ′ ) − G 2 (r, η, η) in eq. (55). For the equal time part ofG 2 one has (x = kr)
This integral is divergent, being formally independent of r and η. Due to the lack of a well defined Fourier transform of G 2 the propagator in position space can only be determined if Γ (2) is regulated. We will turn to this issue in sect. VI.
Well defined propagator in position space?
We do not consider the absence of a well defined propagator in position space as a very serious problem. For example, it disappears if we regularize the propagator by a small scalar mass. Also de Sitter space is presumably not realized exactly in nature, and modifications of the background geometry may solve the issue. Furthermore, the universal scaling correlation may not be realized in the far infrared. Nevertheless, it is reasonable to ask if a well defined propagator in position space can exist if we relax our condition based on analytic continuation and turn back to the more general family of propagators (95). We will take here α, β and γ independent of k in order to be consistent with the full continuous symmetry of the Sitter space.
For general α and β the problem will persist since the infrared behavior for k → 0 is the same as for the propagator (103) . There is, however, the special choice α = β (cf. eq. (98)) for which the infrared divergence is canceled. Indeed, we find that for the propagator
the Fourier transform exists. Forē = i it readŝ
For the short distance behavior r → 0, η → η ′ the Fourier transform of w
(53). The short distance behavior of the transform of
whereη = (η + η ′ )/2. The role of G β is subleading, its dominant effect being to remove the free scale r 0 fromĜ.
In contrast, we observe thatĜ(k, η, η ′ ) has for small k a behavior completely different from G(k, η, η ′ ) in eq. (103). The equal time correlation readŝ
with a limiting behavior for modes outside the horizon k ≪ H 0 a, |kη| ≪ 1,
The Green's function for k → 0 looks completely different from the behavior G ∼ H 
This differs from the de Sitter propagator (103) by a substantial factor around ten, but leads to a spectrum with the same shape. It is the amplitude of fluctuations at horizon crossing that matters for the observable power spectrum, see sect. VI. By virtue of the symmetries of de Sitter space the difference between the two propagators G andĜ does not concern the shape of the spectrum. It only concerns the precise relation between the fluctuation amplitude and the Hubble parameter. We will discuss the propagator (110) in more detail in sect. VII. Also the part ∼ γ in eq. (95) is not infrared divergent and its Fourier transform exists. It may be added to the propagatorĜ.
V. Time evolution of correlation function
The key question of this paper, namely if the observable cosmic fluctuations keep some memory of the details of initial conditions or not, can only be answered by following the time evolution of the correlation function from the infinite (or very remote) past to the moment when the wavelength of the fluctuation goes out of the horizon. We want to know if the propagator at horizon crossing takes a universal form, only dependent on the inflaton potential and other properties of the effective action, but independent of the details of initial conditions. Or else if there remains memory of the initial conditions. For this purpose we have to investigate large families of initial conditions for correlation functions and find out if they are all attracted to a universal propagator, and how long it takes until memory of the initial conditions is essentially lost.
A central tool will be appropriate evolution equations for the time dependence of Green's functions. In this section we derive these equations for a scalar field in a homogeneous and isotropic cosmological background. We consider interacting theories with an arbitrary inflaton potential. Three approximations are made for the general form of the effective action: (i). The effective action contains no explicit dependence on position and time due to boundary effects. (ii) Backreaction effects are neglected. In principle, the evolution of geometry and the inflaton field could be influenced by the correlation function. We assume that this effect is negligible. (iii) The second functional derivative of the effective action contains no more than two time derivatives. We find that with these approximations the memory of initial conditions is still present at horizon crossing. We briefly discuss possible symmetrization and equilibration effects that may arise from modifications of the effective action beyond these three approximations.
For a given background geometry the propagator equation (62) is a local differential equation, in the sense that it only involves properties for a given time η. Together with the boundary conditions it defines the propagator uniquely for all times. If the Green's function becomes universal and the detailed initial conditions play no role, one expects that G(η, η ′ ) depends only on the properties of Γ (2) in a restricted time interval that comprises both η and η ′ . In particular, the equal time Green's function G(k, η) only needs knowledge of the background geometry and its time derivatives at time around η. This crucial feature of a universal propagator makes the correlation functions at a given time η independent of the global form of the quantum effective action. Only its properties around η are needed. This fact permits the computation of fluctuations even for rather complex geometries for which an overall determination as for Minkowski -or de Sitter space would seem very hard. In contrast, if memory of initial conditions is kept, more global features of Γ (2) would be needed. The range of time around η for which Γ (2) needs to be known corresponds roughly to the time scale on which information on boundary conditions is lost.
Evolution of mode functions and product
form of propagator Our aim is the derivation of a time evolution equation for the equal-time correlation function G(k, η). A given solution to this equation will typically be sufficient in order to reconstruct the unequal time correlation function as well. We may take de Sitter space as an example. A particular solution of the equal time correlation function fixes the functions α(k), β(k) and γ(k) in eq. (97). In turn, the unequal time correlation function (95), (96) is fixed.
Let us first assume that at some time η 0 the correlation function can be written in the product form (66). More precisely, this should hold if both η and η ′ are close to η 0 = (η + η ′ )/2. We will show that this product form remains preserved, with mode functions w 
We introduce rescaled functions
for which the normalization reads
The differential equation (67) translates to
Let us now assume that v ± k (η) are solutions of eq. (119) and compute the evolution of the normalization
namely
Here the mixed first derivatives have dropped out due to the relative minus sign of the two terms in eq. (120). Using eq. (119) and noting that the r.h.s contains no derivatives of v ± k one obtains
The normalization does not change with time. If is given by eq. (118) for η = η 0 it will remain so for all η as well. This establishes a simple exact evolution equation for propagators which have the product form (66). It is sufficient to solve the evolution equation for the factors w ± k . We have seen that the scaling correlation has the product form (66). Consider now a propagator which has the product form at time η 0 , and further has the property that its analytic continuation for ǫ > 0 does not diverge for η ′ → −∞. Both the product form and the analyticity condition remain preserved for all later times η. For the scaling correlation that is uniquely defined by these conditions it is therefore sufficient that it is realized at some arbitrary time η 0 . The correlation function will then be given by the scaling correlation for all later times η > η 0 . This stability property is an important ingredient for any asymptotic solution to which other solutions may converge effectively.
Construction of scaling correlation by solution of evolution equation
The conservation of the properties of the scaling correlation by the time evolution provides us with a powerful tool for the construction of the scaling correlation at some time η. Assume one has found the general solution of eq. (119) in some time neighborhood of η. This is to be understood in the sense that the overall geometry may be complex, but that in the vicinity of η the behaviour of geometry for much earlier or later times can be neglected for the general solution to the propagator equation. We need to select from the general solution the particular one v ± k that obeys the "analyticity constraint" for the scaling correlation. In general, it is a linear combination of two basis functions. The correct choice of v ± k (η) as linear combination of the basis functions of the general solution, including the correct normalization, can be established by connecting the local geometry smoothly to a geometry with known propagator in the past at η 0 < η. The precise way how this interpolation is done is unimportant -the result is the same for all interpolations. This robustness with respect to choice of interpolation is a result of the uniqueness of the scaling correlation.
As an example, we could have obtained the correct normalization of the de Sitter propagator for the different momentum modes along similar lines. For a given k-mode the inverse propagator becomes arbitrarily close to the free propagator in Minkowski space for times sufficiently far in the past, more precisely for a ≪ k/H 0 . For a → 0 (or η, η ′ → −∞) we can therefore use the propagator G 0 (k, η, η ′ ) which takes indeed the form (66) with
This fixes the selection and normalization of v ± k (η) for all later times. The result agrees with the explicit construction in sect. IV.
The exact evolution equation for the scaling correlation provides for a solid basis for an approach that is often used in practice. One solves in Fourier space the time evolution of a small deviation δϕ(k, η) from the background field. The equal time propagator is taken as G(k, η) ∼ |δϕ(k, η)| 2 . The proportionality factor is then determined by choosing "initial conditions" by comparison with the (approximative) correlation function for a quantized scalar field. This procedure is usually considered as an approximation. It is actually exact if the field equations are the ones derived from the quantum effective action. The functions w k (η) are indeed proportional to δϕ(k, η), with a k-dependent proportionality factor. Both w k (η) and δϕ(k, η) obey the same linear differential evolution equation.
Evolution equation for equal time scaling correlation
We next turn to the general evolution equation for the equal time Green's function for arbitrary initial conditions. It is formulated as a system of differential equations for three equal-time Green's functions for the fieldφ and its time derivativeπ = ∂ ηφ . We first derive here the evolution
For fixed η ′ the evolution in η obeys
The time evolution equation for the equal time correlation function G(k, η) = G(k, η, η) has to take into account that derivatives act on both factors of
We employ the definitions
They describe connected correlation functions of the type
The evolution equation for the equal time correlation function takes the form
These equations bare certain similarities with the ones investigated in ref. [37] (see also refs. [24, 38] ), which are based on exact evolution equations for the equal time effective action [39, 40] . There are two important differences, however. The present equations are based on the quantum effective action, which already includes the effects of quantum fluctuations. This explains why these equations can be exact for a simple given form of Γ, as in our case. In contrast, the equations in ref. [37] are based on the classical action and therefore comprise additional terms involving higher order vertices. A second characteristic feature is the Hubble damping related to H > 0, not present for investigations in Minkowski space. We will see below that eq. (129) does not need the particular product form (125) but rather follows directly from the definition of the equal time Green's function, together with eq. (128).
Time dependence of equal time Green's function in de Sitter space
The system of equations (129) permits us to address our question to what extent equal time correlation functions keep memory of initial conditions. We can specify initial conditions for G ϕϕ , G πϕ and G ππ at some large negative η 0 and follow the evolution towards a later time η, for example at horizon crossing. In this section we will do so for de Sitter space with H = −1/η, while we extend the discussion to more general geometries and the inclusion of an inflaton potential in sect.VIII.
The combination
can be used to construct a conserved quantity. (We use the symbol α G for reasons of consistency with earlier work on the time evolution of Green's functions. It should not be confounded with the parameter α(k) in the general propagator in de Sitter space (95)). The combination α −2
G evolves according to
with solution
The quantity α 
one has
We can use eq. (132) to express G ππ in terms of G ϕϕ and G πϕ ,
The remaining two equations (129) can be combined in a non-linear second order differential equation for G = G ϕϕ ,
Using dimensionless variables and constants
the evolution equation reads
The dependence on the integration constant c α or Q can be absorbed by a rescaling
In terms ofg andh eq. (139) keeps the same form, with Q replaced by 1 (or −1 for negative c α ). The numerical solution shown in Figs. 2, 3 suggests an oscillating approach to the scaling solutioñ
which corresponds to eq. (133). For various different initial conditions forg andh at some initial u in (taken for Figs.2, 3 as u in = −10) the memory of the initial conditions seems to be partially lost for |u| 1. In order to investigate this issue more closely we introduce functionsĝ
such that (for c α > 0)
One realizes the fixed point forĥ =ĝ = 1, which corresponds to the scaling solution. For any given mode with a given fixed k the infinite past corresponds to large negative u. In the regime u 2 ≫ 1 one finds oscillations around the scaling solution with a damped amplitude. Indeed, for u 2 ≫ 1 we can approximate
During the oscillationsh andg are of a similar order of magnitude and we emploȳ
where ∂ u δg = 2h,
Near the fixed point at δg = 0,h = 0 we linearize the second equation (146),
and observe the oscillation with period ∆u = π, δg = c g sin(2u + ψ g ) ,h = c g cos(2u + ψ g ).
During the oscillation epoch the size ofg andh decreases ∼ u 2 , reflecting the Hubble damping. Thus G ϕϕ ∼ 1/(a 2 k), G πϕ ∼ 1/a 2 , with G πϕ much larger in amplitude than the value (133). Except for the increase of a this behavior resembles the one in flat Minkowski space.
Once u 2 gets of the order one and smaller the oscillation stops and one encounters an overdamped behavior. Consider the combinationr
which obeys
The solution for small u 2 , r = c r u ,ĥ = (1 + c r u)ĝ
implies that the running ofĝ stops for u → 0,
according toĝ
Numerically we observe indeed thatĝ stops for u → 0 at a valueg 0 which depends on the initial conditions. The asymptotic behavior for k → 0 is given by
The apparent approach of the numerical solution to the scaling solution visible in Figs. 2, 3 is mainly due to a combination of Hubble damping with the simple fact that G ϕϕ approaches a constant for u → 0. For the initial values shown this constant turns out to be only moderately different from the one in the scaling solution. The detailed memory of the initial conditions is not lost for the general solution. Since the integration constantsĝ 0 and c α can depend on k, the spectrum of fluctuations needs not to be ∼ k −3 . It retains information about the initial conditions. The same holds for the fluctuation amplitude.
We have analyzed the behavior of the general solution in terms of a partial fixed point (scaling solution) and deviations from it. In this form the analysis can be generalized to a much wider context. It also highlights the role of the scaling correlation as a fixed point. If this fixed point is approached faster than by Hubble damping the memory of initial conditions would be lost asymptotically.
For our present setting we actually know already the most general form of the solution to the evolution equation (129): it is given by eq. (97). Indeed, it is straightforward to verify that eq. (97) solves the evolution equation. The three free integration constants α, β and γ correspond to the three initial values for G ϕϕ , G πϕ and G ππ . The asymptotic value (154) reflects eq. (98). We conclude that for a free massless scalar field in a given geometrical background the information contained in the initial state is not lost. This information influences strongly the amplitude and spectrum of the fluctuations. The situation remains the same for a massive scalar field. This is similar to the behavior of the correlation function for a free scalar field in flat space. Infinitely many conserved quantities as α G (k) prevent a loss of memory [38] . For de Sitter space these conserved quantities are replaced by α −2 G a 4 .
Equilibration in de Sitter space
In flat space, the situation changes profoundly in the presence of nonlinearities induced by scattering. For an interacting scalar field the correlation functions reach for asymptotic times the values of thermal equilibrium, provided certain conditions for the energy distribution in the initial state are met [24] . For intermediate times an approximate partial fixed point may be reached [38] , corresponding to "prethermalization" [41, 42] . It seems plausible, even though not proven at present, that in the presence of interactions a similar phenomenon of equilibration could take place in de Sitter space. This would substantiate the picture of de Sitter space as a type of a "thermal state" with a "de Sitter temperature". We note in this context that interactions are not restricted to scalar self-interactions. In the presence of metric fluctuations every model contains gravitational interactions.
A possible equilibration process contains different facets. As a first aspect one would expect that equilibration leads to a state consistent with the symmetries of de Sitter space. In this case the functions α(k), β(k) and γ(k) would all become independent of k. As a consequence, a (partially) equilibrated state with de Sitter symmetry would lead for k → 0 to G ϕϕ ∼ k −3 , except for very special initial conditions that lead to β = α. The spectrum for k/aH → 0 takes now a universal form, loosing the memory of the initial conditions. This also holds at horizon crossing where symmetry and dimensional analysis lead to a spectrum G ∼ H 2 0 /k 3 , cf. eqs. (99), (100). The shape of the spectrum, in particular the spectral index of the observable primordial fluctuations, is determined mainly by the (approximate) symmetry of the background geometry. In contrast, the fluctuation amplitude is not fixed by symmetry properties. It depends on the parameters α, β and γ. An approach to de Sitter symmetry therefore looses only part of the initial information.
As a second aspect one may expect that an equilibrated state obeys some "fluctuation-dissipation relation". This links the amplitude of the symmetric part of the Green's function, as given by α, β and γ, to the one of the antisymmetric part which is fixed by the inhomogeneous equation. It is this type of relation that may finally fix the fluctuation amplitude. If equilibration leads to α − β = 1 the amplitude takes a universal form for k/(aH) ≪ 1, while not necessarily being universal at horizon crossing. If, in addition, β = 0, γ = 0 the scaling solution corresponding to the Bunch-Davies vacuum will be reached. We briefly discuss the fluctuation-dissipation relation in appendix A.
We conclude that equilibration in an interacting theory could lead to a loss of memory concerning the precise initial conditions. It is this phenomenon that is supposed to select the unique de Sitter propagator (103), as defined by requirements for the analytic continuation. What remains to be settled is an answer to the question if an equilibration happens, and on what time scales it is realized. Only after answering these crucial questions one can asses the questions raised in the introduction, namely if the cosmic fluctuation spectrum and amplitude is independent or not of the detailed initial conditions.
A key ingredient for the memory of initial conditions is the linearity of the system of equations (129). We will see below that this linearity is maintained for an interacting scalar field, provided our assumptions on the absence of explicit boundary contributions to Γ and the neglection of backreaction hold. A possible equilibration process has therefore to go beyond these approximations.
General structure of evolution equation
For getting further insight into the initial value problem we should consider the quantum effective action in the presence of boundary conditions, imposed for η → −∞ or for some very large negative η in . Not too far from the boundary the effective action Γ is not supposed to have the simple universal form (18) -some information about the boundary is expected to be still present. For a different form of Γ the flow equation for the equal time propagator will no longer have the simple form (129). We want to understand the structure of these modifications.
For this purpose we will consider an approximation where higher than second derivatives with respect to η can be neglected in Γ (2) , such that (omitting the unit matrix)
with A, B and C arbitrary real functions of η and k. (The function A should have no zeros such that 1/A exists. Generalizations beyond the homogeneous and isotropic setting are possible.) In particular, the functions A, B and C may depend themselves on other fields or on G ππ , G πϕ and G ππ , such that the system of equations becomes non-linear. They may also involve the antisymmetric part G a , enforcing a normalization of G s by the properties of G a . We next derive evolution equations for the equal time Green's function for a general effective action that has a second functional derivative (155). We use the general form (77) and concentrate on the symmetric part G s (80). It obeys
where we omit the label k. For the second equation (156) the differential operatorD acts on η ′ . It follows from the first equation by using the symmetry of the Green's function. The time evolution of G s involves only the functions B and C. The function A appears in the normalization of the antisymmetric part G a . We will assume a normalization of the scalar field for which A = ia 2 (η), cf. eq. (19) . The general definition of G ϕϕ , G πϕ and G ππ is given by eqs. (58), (60) and (128) , with G ϕϕ = G s (η, η). The relation
follows directly from the definition. Similarly, one obtains
Employing eq. (156) and the definition (155) this yields
A similar line of argument gives
For C = H depending only on η and B = k 2 we recover our previous setting (129). Eq. (129) is therefore not linked to the particular product form of the propagator (125), but holds for the most general propagator.
The presence of interactions does not necessarily induce non-linearities in the evolution equation. We may include an arbitrary potential V (ϕ) for the inflaton. The second derivative ∂V /∂ϕ 2 , evaluated for the background fieldφ(η), amounts to a mass term m 2 (η) that may depend on η through the background field. This results in B(η) = k 2 + m 2 (η)a 2 (η), but leaves the linear structure of the evolution equation unchanged. We will discuss the correlation function of massive scalar fields in the next two sections.
The general form of the evolution equations for the equal time Green's function is given by eqs. (157), (160) and (161). If higher derivative terms play no role the physics of a possible equilibration towards the unique de Sitter propagator is encoded in the two functions C(k, η) and B(k, η). There are several possible sources for non-linear effects in the evolution equation. First, Γ (2) typically depends on other fields. The evolution of these fields may depend on the value of G. An example is the energy momentum tensor associated to the scalar field fluctuations which involves G. It influences the evolution of the metric, inducing thereby an effective non-linearity in the system of equations. (This is sometimes called "backreaction".) Second, the form of the effective action may be timedependent itself as a result of explicit boundary contributions to Γ. The functions B and C could depend directly on G(k, η), or more generally on the unequal time Green's function G(k, η, η ′ ). Furthermore, higher order vertices may become effectively functions of time, and this results in a time dependent second functional derivative Γ (2) through a non-trivial background fieldφ(η, x). Away from equilibrium Γ (2) could have an imaginary part. A third effect is a richer variety of background solutions. Even if Γ (2) remains unchanged, initial values may be such that the background solution is no longer homogeneous and isotropic. Since Γ (2) results from an expansion around the background the functions C and B reflect such a change of the background.
We note that the formal way how non-equilibrium effects modify the time-evolution of the propagator depends on the choice of fields. For example, the effect of radiation and matter in gravity may appear as an explicit source term in the background equations for the metric, in the form of the energy momentum tensor in the Einstein equation. Alternatively, one could introduce a composite field for the energy momentum tensor, which would then be part of the solution for the background field. The situation is similar for the correlation functions. The non-linearities are most easily visible if G ϕϕ , G πϕ and G ππ appear themselves as fields. This is realized in the two-particle irreducible formalism [43] [44] [45] [46] or for the equal time effective action [39, 40] . In the two-particle irreducible formalism it is the whole propagator G(x, y) that appears as a field. Non-linearities are directly visible in the effective action Γ 2P I [ϕ, G]. The quantum effective action discussed in the present paper obtains from Γ 2P I by inserting a solution G[ϕ] of the field equation ∂Γ 2P I /∂G = 0.
For general C and B the evolution of α
An approach to the unique de Sitter propagator requires that C differs from H, except for a zero if α −2 G a 4 = 1/4. The corresponding partial fixed point has to be attractive as η increases. A non-vanishing r.h.s. of eq. (162) is necessary in order to avoid conserved quantities which would be an obstacle to equilibration. The quantity C − H stands for an effective irreversibility beyond the purely geometric one induced by the Hubble damping. A fixed point for this quantity requires non-linearity of the evolution equations and is part of the fluctuation-dissipation relation.
7. General structure of solution for propagator equation Let us omit possible non-linearities and consider B and C as given functions of η and k, with A = ia 2 (η). This should be a reasonable approximation on time scales shorter than the (unknown) equilibration time associated to the nonlinearities. We can construct the general solution of the propagator equation for the unequal time correlation function for Γ (2) given by eq. (155). Since 
with w ± k (η) two basis functions from which the general solution to the homogeneous equationD η ψ k (η) = 0 can be constructed,
Here w
need not yet to be complex conjugate to each other. The inhomogeneous equation constrains the combi-
We can choose for each k complex multiplicative constants for w ± k such that these functions are normalized according to
. (166) With this normalization the inhomogeneous equation requires Similar general solutions arise from the discussion of free quantum fields in a geometrical background. The function ψ k (η) plays there the role of a wave function. For the operator formalism to be efficient it is crucial that the quantum fields are non-interacting. Eigenstates of a quantum Hamiltonian for interacting theories are very complicated multi-particle objects and a perturbative expansion around the free field theory becomes rapidly rather involved. In contrast, our formalism covers directly interacting theories as well. Interaction effects are accounted for by the computation of the effective action Γ. The latter can have a rather complicated form, involving arbitrary potentials or other non-linearities. Nevertheless, we have found a structure analogous to free quantum fields, based only on the assumption that non-linearities from backreaction and explicit boundary terms are absent and that higher order derivatives with respect to η play no role for the second functional derivative Γ (2) . Our formalism covers a much wider range of physical situations than free quantum fields in a given background. Moreover, our evolution equations for the correlation functions are exact once Γ (2) or, equivalently, the functions A, B and C, are known or assumed. The mode functions w ± k (η) appear in our treatment just as a convenient way to solve the propagator equation, not as fundamental objects. Our setting can be realized in a rather wide context of statistical systems as discussed in sect. II. It applies to euclidean signature as well if we replace the factor −i in eqs. (165), (166) by −1 and adapt the reality condition.
Effective quantum fields and initial conditions
The analogy to a free quantum field allows us to interpret ψ k (η) as an effective quantum field even in the presence of interactions. (This resembles the use of a free Fermi gas for electrons in a solid despite the presence of strong interactions.) This interpretation requires certain restrictions on the functions α(k), β(k) and γ(k), however. If we want to associate G(k, η, η ′ ) with the propagator for a pure state of a free effective quantum field ψ k (η) it has to obey
With eqs. (163), (164) this implies (for all k) α
The reality condition is obeyed and eq. (167) implies
For α, β and γ one finds the "pure state conditions"
This implies, in particular, α 1. Other constraints apply for β and γ, e.g.
For example, the case α = β = 1, which leads to a well defined de Sitter invariant Green's function in position space, cf. eq. (110), is not compatible with the pure state condition. For pure state initial conditions all deviations from the scaling solutions are oscillatory, e.g. α > 1 implies β 2 + γ 2 > 0. There is, however, no need to impose pure state initial conditions. Remaining within the language of quantum mechanics we may explore "mixed states" where
with p i ≥ 0, i p i = 1. This yields
and similar for α − and β − . One has again the restrictions α + ≥ 0, β − ≥ 0 which imply that α is bounded from below by 1,
The relation for β and γ becomes now
It is easy to see that for arbitrarily large α one can realize β = γ = 0. The correlation function needs no longer to be oscillatory for α > 1. One also finds an upper bound for β 2 + γ 2 , such that the restrictions for a "mixed state initial condition" are
This still excludes states with α = β, γ = 0. The relations (176) imply a minimal value for the equal time correlation function for each k-mode. We demonstrate this for de Sitter space and γ(k) = 0, where the local minima of oscillations in eq. (97) occur for
For a given α(k) the minimal value of G min is realized for maximal β(k) = α 2 (k) − 1, corresponding to a pure state. The overall amplitude α − β = α − √ α 2 − 1 is larger than one for α > 1. The lower bound on G(k, η) reflects the Heisenberg uncertainty relations associated to quantum systems -they imply a non-zero minimum of fluctuations. Among the pure states the one with minimal fluctuations is the Bunch-Davies vacuum with α = 1, β = γ = 0. Thus our conjectured scaling correlation is also singled out as an effective quantum vacuum, even in the presence of interactions.
It is not clear if for a general interacting theory the constraints (176) remain necessary. Formally, their violation only means that no description of the correlation function in terms of an effective free quantum field is possible. For a weakly interacting quantum field theory the "fluctuation constraint" (176) should hold at least approximately. We will in the following assume the validity of the fluctuation constraint. The de Sitter invariant Green's function in position space (β = α, γ = 0) can then not be realized exactly. For large α(k), that we may associate with high occupation numbers of modes, the role of the "quantum uncertainty" becomes negligible and the constraint becomes effectively β 2 + γ 2 ≤ α 2 . This amounts simply to the constraint G(k, η) ≥ 0.
VI. Scalar correlation function in inflationary cosmology
In this section we investigate the scaling correlation according to our conjecture for realistic inflationary models. The propagator in momentum space takes then the product from (66). For η > η ′ it is expressed in terms of v ± k (117) as
In this form it is straightforward to compute the propagator for geometries different from de Sitter space. It is sufficient that for large negative η and η ′ the flat space propagator G 0 becomes a good approximation. We can then solve the evolution equation for v ± k (η) taking their values for flat space as initial condition.
1. Green's function for geometries close to de Sitter space Our starting point for the computation of the Green's function for a massless scalar field in a large class of inflation models is the evolution equation (119) for v ± k (η) with e 2 = −1. This is a real equation such that both v and v * are solutions. We make the ansatz
Typically, H(η) vanishes for η → −∞ or a → 0 such that in this limit we have the propagator in Minkowski space. This fixes the normalization
The evolution equation (119) reads for b(y)
Here ν is a slowly time dependent function defined by
For the particular case of powerlaw inflation with
one has a constant ν < 0, while de Sitter space corresponds to ν = 0. For more general models of inflation ν is a small quantity and obeys in a Robertson Walker metric
In the Robertson-Walker metric one has
such that modes far outside the horizon correspond to y → 0 and horizon crossing occurs for y = 1. For constant ν the asymptotic behavior for y → 0 is easily found by neglecting in eq. (182) the term ∼ ∂ y , namely
This solution is an attractor for y → 0, with general solution
and b 1 the second integration constant. Inserting the asymptotic solution (188) into eqs. (117), (179), (66) yields the correlation function for modes far outside the horizon 
which becomes exact for ν = 0 with f (y) = 1. This yields the equal time propagator (1) mentioned in the introduction. In the following we will discuss the properties of the function f (y) in more detail.
The
The differential equation for f (y) reads
By multiplication with i this becomes a real differential equation for the variable iy. For y → 0 eq.(193) simplifies to
This tends for y → 0 indeed to a constant,
The other limit for y → ∞ reaches for constant ν
The only solution that is consistent with the normalization b(y → ∞) = 1 occurs for
Thus both b(y) and ∂ y b(y) are fixed for y → ∞ and we can integrate eq. (182) unambiguously from some "initial value" for very large y to y → 0. We find that (f − 1)/ν is almost independent of ν, as shown in Fig.4 . One obtains
such that (for small ν)
With eq. (198) we can develop for y → ∞ eq. (193) iteratively, the next step being
On the other end, for y → 0, the solution (189) implies
is real for constant ν. For realistic inflationary models |ν| is small and f (y) stays close to one. One therefore finds only a small correction, also in the case where v depend on η,
If the η-dependence remains moderate eq. (200) is a good guide. 
Scalar Green's function far outside the horizon
The time evolution for modes far outside the horizon is determined by the factor
(204) in eq. (190). Inserting for constant ν eq.(184) yields
We recover the known result that the fluctuation amplitude for modes far outside the horizon does not change anymore.
To a good approximation we can evaluate the amplitude of the power spectrum at the time when a mode leaves the horizon, y = 1, where eq. (190) yields
Here
is a k-independent factor close to one. Corrections to this simple formula can be evaluated in our setting in an unambiguous way. For constant ν the relations (190) and (206) are exact since eq.(182) has no explicit k-dependence and the asymptotic behavior (188) fixes the y-dependence. For a varying ν(η) an additional k-dependence arises from
The relation (206) shows no explicit dependence on k anymore, and it depends explicitly on ν only via the factor |b 0 | 2 G. The k-dependence of the combination k 3 G(k, η) arises from the k-dependence of H(y = 1),
Using eq. (186) we find
in accordance with the explicit k-dependence in eq. (190). This formula is exact for constant ν.
Inflaton potential
Realistic models of inflation are often described in terms of an effective potential V (ϕ) for the inflaton. This generalizes the effective action for the scalar field to
The second functional derivative is extended to (ē = i)
where we have not written explicitly the unit matrix δ(x − y). The mass term,
is evaluated for the homogeneous background scalar field ϕ(η) as determined by a solution to its field equation
For m 2 = 0 the matrix Γ (2) is invertible if we restrict the function space according to our conjecture on the behaviour of the analytic continuation. A constant field ϕ 0 no longer obeys Γ (2) ϕ 0 = 0. A mass term is a simple way to regularize Γ (2) . The time evolution equation for the correlation function in momentum space remains valid, now with
Let us consider models where for η → −∞, a → 0 the mass term remains bounded or increases less fast than a −2 . It can then be neglected for η → −∞, such that the normalization of G can be computed from the "initial value condition" G(k, η, η
As time increases, however, a 2 m 2 increases and will finally overwhelm k 2 . For a suitable potential inflation ends and the geometry extends to the range −∞ < η < ∞.
Depending on the size of the dimensionless ratios
there are different regimes for the time evolution of w k . We concentrate here on the case of constant (or slowly varying) m 2 . The evolution equation for v k takes the form
We therefore, replace in the last term in eq.(182) the factor 2 + ν by 2 + ν −m 2 , and find for the leading behavior for
In consequence, the equal time correlation function obeys
For constant ν andm 2 this result is exact. It holds for arbitrary values of ν andm 2 . For σ > 0 the Fourier transform of G(k, η) exists. We obtain again
with |b 0 | 2 and G adapted to eq.(216).
Primordial cosmic fluctuations
At this point we can make contact with the usual description of primordial fluctuations in inflation. In the presence of gravitational fluctuations one is interested in the fluctuations of the quantity
evaluated in zero spatial curvature gauge. This quantity is simply related to a gauge invariant scalar fluctuation and has the property that it remains constant once a given kmode has left the horizon. We can therefore employ the correlation function for R,
withc a factor close to one which is the analogue of |b 0 | 2 G in eqs.(206), (220) The scalar spectral index n s is defined by
All quantities in the last two lines of eq.(223) are evaluated for y = 1. The fluctuation amplitude is directly observable in the CMB. For the power spectrum
one uses conveniently the normalization
The values observed by the Planck satellite are [47] A s = 2.2 · 10
Comparing with eq.(222) yields, approximatingc = 1,
For small ν andm 2 we recover the standard results of slow roll inflation. For a sufficiently flat potential eq. (213) can be approximated by
and the gravitational field equation for Einstein gravity becomes (with M the reduced Planck mass)
This allows us to express ν andm 2 in terms of the standard slow roll parameters ǫ and η
andm
one finds the standard result
Also for the amplitude the slow roll approximation yields the usual result
We conclude that the solution of the propagator equation according to our conjecture on the behaviour of the analytic continuation yields a scaling correlation that reproduces the usual discussion of fluctuations in inflationary cosmology. Results are often even exact and not only approximative. Nevertheless, we recall that the realization of the scaling correlation is not guaranteed. It has to be demonstrated that is is reached before horizon crossing, either by virtue of a non-linear equilibration process, or by restrictions on initial conditions. VII. Massive scalar propagator in de Sitter space
Scaling correlation
The special case for ν = 0 and constantm 2 describes the correlation function for a free massive scalar in de Sitter space. One has
describes in this case the asymptotic behavior of the propagator of a massive particle in de Sitter space.
This result is consistent with a simple direct computation. For k/a ≪ m we may use the field equation for a homogeneous scalar field perturbation in the RobertsonWalker metric,
For the variable s = Ht = − ln(−Hη) = ln a it takes the form
For the general solution
the leading behavior for s → ∞ is given by the larger eigenvalue (with + sign in eq. (239)). The result
agrees with eqs. (219), (235). Form 2 > 0 the momentum dependence of the equal time scalar Green's function in de Sitter space obeys for k → 0
where we usem 2 ≪ 1 in the second expression. This cures the infrared divergence in eq. (109). The Fourier transform of the de Sitter propagator exists for arbitrary small positivem 2 . Such a mass term therefore regulates the propagator.
Time evolution
In contrast to the massless case the propagator of a massive scalar field in a de Sitter geometry is attracted towards a universal propagator for asymptotic time [2] . This is due to the fact that both eigenvalues λ 1 and λ 2 for the general solution (238) are real and negative. The component with the larger negative eigenvalue (λ = −(3/2 + √ 9 − 4m 2 /2)) dies out rapidly, such that a unique asymptotic solution for w k remains. The same holds for the general solution to the time evolution equation for the correlation function (129). We note, however, that this attractive behaviour sets in once k 2 /a 2 is of the order m 2 . For smallm 2 this happens only once modes are already outside the horizon. Before the termk 2 dominates in eq.(216) and the solutions are oscillating similar to the solution for a free scalar field. For realistic inflationary cosmologies the asymptotic attractor property plays no role for the memory of initial conditions for the observable fluctuations [48] .
We illustrate this behaviour in Figs.5, 6 which show the evolution of G as a function of u = kη. We plot two initial conditions both for a massless (blue and green) and a massive (red and orange) scalar field. One of the initial conditions corresponds to the scaling correlation (blue and orange), the other to a more arbitrary initial state (red and green). For u −5 the effect of the mass term is completely insignificant, as visible in Fig.5 that shows G in units of k −1 a −2 . In Fig.6 we focus on the behaviour after horizon crossing (u −1) and plot G in units of H 2 0 /k 3 . At horizon crossing, u = −1, the effect of the mass is visible for our choice ofm 2 = 0.5. The asymptotic behaviour for u → 0 shows that for the massive scalar the correlation function becomes independent of initial conditions, in contrast to the massless case. For purposes of illustration we have taken a rather large mass term,m 2 = 0.5. For the smaller masses that are characteristic for realistic inflation both the separation between massive and massless propagators, and the approach of the massive propagator to the universal asymptotic form, set in for u much closer to zero. The difference between the massive and massless scalar at horizon crossing would not be visible on the plot. 
VIII. Symmetries
In this section we discuss the consequences of symmetries. General covariance dictates the transformation properties of the correlation function under coordinate transformations. This restricts the functional dependence of G(x, y) on the coordinates x and y. In case of isometries of the background geometry one may require that the propagator is invariant under the symmetry transformations. This could result from a dynamical symmetrization process. Isometries can impose rather severe restrictions on G. While Poincaré symmetry fixes G uniquely for Minkowski space, this is not the case for the symmetries of de Sitter space.
Covariance under general coordinate transformations
The propagator in position space should not depend on the chosen coordinate system. A general coordinate transformation changes both the vierbein e m µ (x) (and the associated metricḡ µν ) and the scalar field ϕ(x). An infinitesimal transformation of the scalar translates directly to the correlation function which transforms as a scalar bilinear
This implies that G(x, y) can only be a function of quantities that transform as scalar bilinears. An obvious example is the geodesic distance s(x, y) between the two points x and y, s(x, y) =τ
with x µ (τ ) on a geodesic parametrized by an invariant parameterτ . The propagator in flat space (36) has indeed the form
For a geometry with curvature there are other possible quantities transforming as scalar bilinears. For example, we may replace ds by ds whereḡ µν in the definition of ds 2 is replaced byRḡ µν orR µν in the definition of ds. For the special case of a maximally symmetric space all geometric tensors are constructed from the metric,R µν ∼ḡ µν ,R =const, etc.. Then s is the only independent bilinear function of x and y, in the sense that all other covariant bilinears are functions of s. This applies to de Sitter space. A Green's function that only depends on geometrical quantities in de Sitter space (and not on boundary conditions or other fields) can therefore only depend on s, G(x, y) = G(s).
Global SO(1, 4)-symmetry of de Sitter space
If the background geometry admits isometries a unique scaling correlation must be invariant under the corresponding symmetry transformations. This is supposed to be realized as a consequence of the time evolution even if the initial correlation function does not exhibit this symmetry. Invariance under symmetry transformations constitutes an important restriction for the allowed function space for the Green's function. The geodesic distance is invariant under such symmetry transformations, e.g. the Poincaré transformations for flat space or SO(1, 4) transformations for de Sitter space. For G(x, y) = G(s) the invariance of the propagator is guaranteed.
For de Sitter space the four generators of the symmetry group SO(1, 4) beyond the three dimensional rotations and translations are [21] 
A scalar bilinear G(x, y) transforms under the corresponding infinitesimal transformation as
′ ) depending only on r one has
An SO(1, 4) invariant Green's function must therefore obey (M 0 +M 0 )G = 0, M r G = 0. These relations hold for the combination
e.g. (M 0 +M 0 )z = 0, M r z = 0. The invariant z is related to the geodesic distance in de Sitter space [21] , [49] 
The propagator in de Sitter space is therefore only a function of z, G(r, η, η ′ ) = G(z).
De-Sitter symmetry in momentum space
The action of the symmetry generators on scalar bilinears in Fourier space can be inferred by inserting eqs. (59), (60) into eq. (246),
An invariant correlation function has to obeŷ
We observe that the symmetry transformations mix different k-modes due to the appearance of ∂/∂k in the generators.
We may now discuss the symmetry transformations of the different pieces of the general propagator in eqs. (255) we find that the first term in G s in eq. (95) is invariant provided that α does not depend on k. For the other pieces we compute (β + = (β + iγ)/2)
such that symmetry requires a k-independent constant β + . WithM
we conclude that the combination w
is also invariant under the symmetry of de Sitter space. By virtue of complex conjugation the same holds for w
. We conclude that for k-independent α, β and γ the general symmetric part G s in eq. (95) is invariant under the de Sitter symmetry. In contrast to Poincaré symmetry for flat space, de Sitter symmetry does not fix the Green's function uniquely. One remains with a family of invariant propagators, parametrized by the three constants α, β and γ.
Scale invariance
The generator M 0 corresponds to global scale transformations of coordinates. A scale invariant correlation function obeys
In momentum space this simply means that k 3 G can only depend on the dimensionless combinations kη and kη ′ . From eqs. (255),(256) it follows directly that scale symmetry alone implies that α, β and γ are independent of k. Indeed, the combinations k 3 w ± k (η)w ± k (η ′ ) already depend only on kη and kη ′ and are therefore scale invariant. Any k-independence of α, β, γ would have to come along with a dependence on η or η ′ which is contradicting their role as integration constants.
Since for k-independent α, β, γ the correlation functions are also independent under the full SO(1, 4) de Sitter symmetry, one concludes that scale symmetry, together with the symmetry properties and the propagator equation for a massless scalar, implies full SO(1, 4) invariance of the correlation function. (One should notice that this is not a pure symmetry property. There are many functions that depend only on kη and kη ′ and they all would lead to scale invariant k 3 G. Only very particular ones are SO(1, 4) symmetric, however.) The impact of scale invariance extends to the propagator of a massive scalar field in de Sitter space. Scale symmetry implies that coefficients of the combinations We may recall here the different status of coordinate scale symmetry and dilatation symmetry. Coordinate scale symmetry is part of the general coordinate transformations with ξ µ = ǫx µ . The effective action is therefore invariant. This holds in the presence of arbitrary couplings with dimension of mass, as, for example, a scalar mass term. Coordinate scale symmetry can be broken, however, by the geometry and field values of a given cosmological solution. On the other hand, dilatation transformations are rescalings of fields according to their (canonical or anomalous) dimension. It is typically violated by couplings with dimension of mass since they single out a particular scale. Dilatation symmetry of the effective action restricts its form far beyond general coordinate invariance. The connection between the two symmetry transformations is that the field equations of a dilatation invariant effective action may have solutions that preserve dilatation symmetry (no spontaneous dilatation symmetry breaking). For such solutions coordinate scale symmetry is realized.
Propagator in de Sitter space
According to our conjecture the scaling correlation for a massless scalar field in de Sitter space has in momentum space (for k = 0) the unique form eq.(103). The lack of regularization leads for k → 0 to an infrared behavior that does not admit a Fourier transform. In position space no propagator consistent with our conjecture and the symmetries of de Sitter space exists. On the other hand, one can find explicit solutions of the propagator equation in position space which are consistent with the symmetries. Since the issue of the correct choice of the propagator is debated [18] [19] [20] [21] [49] [50] [51] [52] we sketch here a direct computation. This will reveal the connection to the general form of the propagator in momentum space. The problem of the absence of a propagator in position space for our conjectured unique scaling correlation disappears if one regularizes the inverse propagator by adding a small positive mass term.
In position space the propagator can only depend on the invariant z, given by eq.(248), or the associated invariant
For functions G(P ) depending only on P one has
If we add a mass term for the scalar field,m 2 = m 2 /H 2 0 , the defining equation for the Green's function reads
Let us first consider for r = 0 or η = η ′ the homogeneous equation
This equation is symmetric under the replacement P → −P . It is convenient to employ
such that the homogeneous equation becomes
(265) This is the defining equation for the associated Legendre functions P 
(The index ν of the associated Legendre functions should not be confounded with the symbol ν used in the preceding section forḢ/H 2 .) The general solution of eq.(263) is therefore given by
For a massless scalar field (m 2 = 0) one has ν = 1 and the general solution of the homogeneous equation readŝ
corresponding to the proposal in ref. [21] , see also [20] . This solution has two poles at P = 1 and P = −1, or z = 0 and z = 4. Comparing the behavior near P = 1 with the free propagator yields
For B 1 = 0 this is identical withĜ in eq. (111). We observê G(z = 2) = B 1 . We next turn to the inhomogeneous equation
(270) ForĜ the pole at z = 0 generates the r.h.s. of eq.(270), fixing the normalization (269). The second pole at z = 4 or r 2 = (η + η ′ ) 2 produces a similar inhomogeneous term at η + η ′ = 0. For the allowed range of η < 0, η ′ < 0 for de Sitter space this inhomogeneous term is not encountered. We conclude thatĜ obeys the propagator equation. In the following we set B 1 = 0 such that eqs. (269) and (111) coincide. The form ofĜ in momentum space is given by eq. (110). The propagatorĜ is not compatible with our conjecture for the scaling correlation.
We have already discussed the power spectrum of primordial fluctuations for the propagatorĜ in sect. IV. It differs from the one of the Bunch-Davies vacuum by a suppression of the overall amplitude. There seems to be no obvious observational possibility to distinguish betweenĜ and the de Sitter propagator (103). The question which one of the propagators is "correct" is finally an issue of the time evolution of correlation functions as discussed in sect. V. We observe that the form ofĜ has its own diseases. The equal time correlation function turns negative in the region r 2 4η
2 (z 4) and has a pole for r 2 = 4η 2 . On the other hand the absence of a Fourier transform for the propagator (103) disappears in the presence of a small scalar mass term.
Indeed, the non-existence of the correlation function in position space is directly linked to the lack of invertibility of the inverse propagator Γ (2) . For a massive scalar field, m 2 > 0, the inverse propagator has no longer a vanishing eigenvalue and the propagator exists both in position and momentum space. Adding an arbitrarily small mass term m 2 regulates the propagator. We have already discussed this propagator in momentum space in sect. VI. For 0 < m 2 ≪ 1 the behavior of the equal time Green's function for small k is given by
The Fourier transform G(r, η) is well defined. Since the mass term respects the symmetries of de Sitter space G(r, η, η ′ ) is only a function of z. It is a hypergeometric function, corresponding to the linear combination (267) with ν = 1 −m 2 /3. The coefficients B 1 and B 2 should be chosen such that no pole at P = −1 occurs for G(P ), and the normalization corresponds to a leading behavior G(P → 1) = H 2 /(8π 2 (1 − P )). A cancellation of the pole at P = −1 is not possible form 2 = 0 since one of the basis functions for the most general homogeneous solutions is simply a constant.
Special case
An interesting special case for a massive propagator is m 2 = 2. In this case the general solution of the homogeneous equation (263) reads
and the inhomogeneous equation (262) is obeyed for a − = 0,
Indeed, the time evolution equation(216) simplifies to
which is the same as for flat space.
IX. Impact of initial conditions on primordial fluctuations
In this section we turn back to the initial value problem and ask more quantitatively: how important is the influence of initial conditions for the primordial fluctuation spectrum in inflationary cosmology? We work here within an approximation of the effective action which keeps for the inflaton a covariant kinetic term and a potential. Possible non-linear symmetrization and dissipation effects, as discussed at the end of sect. V, are omitted. We investigate rather general initial conditions, that can be set many e-foldings before the observable fluctuations cross the horizon. Within this setting we find a substantial possible dependence of the fluctuation spectrum on the initial conditions. If de Sitter symmetry is not imposed on the initial conditions rather arbitrary fluctuation spectra can be obtained for suitably chosen initial values. The inflaton potential no longer dictates the shape and amplitude of the primordial fluctuation spectrum. It rather distorts slightly a preexisting initial spectrum. This underlines that predictive power for inflationary cosmology either needs strong enough non-linear symmetrization and dissipation effects, or a detailed understanding of the selection of initial conditions.
Our conclusions on the strong impact of initial conditions seems at first sight to differ from the suggestions in ref. [2] that de Sitter geometry leads to an attraction towards universal physics even in the absence of non-linear terms. While the underlying equations are similar, the difference in conclusion originates from three observations. For a massive scalar field, we find indeed for every k-mode an asymptotic attraction to a universal form, in accordance with ref. [2] . This asymptotic solution results from the (relative) exponential decay of one of the mode functions. It does not fix the freedom of an independent amplitude for each k-mode. For realistic scalar masses in inflationary cosmology, however, this asymptotic attraction sets in only a long time after the fluctuations have crossed the horizon. At the time of horizon crossing, which is relevant for the observable fluctuation spectrum, the information from initial values is still present -memory is not yet lost.
The second and third points concern the selection of initial values for a massless scalar field. Only a small subset of possible initial conditions is investigated in ref. [2] . They are based on a particular assumption motivated by infrared finiteness. We do not impose such restrictions since the infrared behavior is not a severe problem for physical observables. Formally, it can always be cured by changing the initial spectrum for extremely small k that are far outside the observable range. Since in our approximation the different k-modes follow separate evolution equations, a change of the spectrum in the extreme infrared does not affect the investigation for the observable fluctuations. As a third difference ref. [2] considers pure quantum states, while our investigation admits mixed states as well. The setting in ref. [4] is similar to ref. [2] . Also ref. [4] suggests a partial insensitivity of observables from the choice of initial conditions. This is again due to the selected observables and restricted initial conditions.
Time evolution of correlation functions in
inflationary cosmology For a scalar field in a given geometry and with arbitrary inflaton potential one finds for the functions A, B and C in the general form of the second functional derivative of the effective action (155)
Here m 2 and H are functions of η according to the particular geometry and cosmological solution for the inflaton mean valueφ(η). It is straightforward to solve the evolution equations for the correlation functions numerically. We employ dimensionless quantities u = kη and
(276) In these units the evolution equations become
For de Sitter space one has
Eq. (277) is a system of linear differential equations. In the limit of constanth andm 2 it is independent of k. In this case the dependence of the fluctuation spectrum on k is completely described by the relations between u and η and by the relation (276) betweenG and G. Ifh andm 2 depend on η this induces an additional k-dependence through h(u/k),m 2 (u/k). Typically, this type of dependence is only a small effect. For realistic inflationary models one haŝ m 2 /u 2 ≪ 1 before horizon crossing. Withm 2 /u 2 of order one only a long time after horizon crossing the role of the mass is rather secondary for the issue of initial information is lost.
For most of the time before horizon crossing |h/u| is also small. In this range one has the general solutioñ
The free functionsα(k),β(k) and δ(k) specify the initial conditions. If initial conditions are set early enough,α(k) coincides with α(k) in the general solution (97). Similarly, β(k) and δ(k) are related to β(k) and γ(k) by
It is obvious that in the range |u| ≫ 1 memory is not lost. The universal propagator corresponds toβ = 0 andα = 1. Other initial conditions have rather arbitrary real functions α(k),β(k) and δ(k), obeying only mild restrictions.
Initial conditions
If we set initial conditions sufficiently far in the past, i.e. for |u| ≫ 1, we can use eq. (280) for their characterization. Compatibility with the form of the leading expression G 0 (r, η, η ′ ) for the propagator in position space for r → 0, η → η ′ (cf. eq. (41)) is achieved for
provided the Fourier transform of the contributions from α(k) − 1 and from the term ∼β(k) remain sufficiently subleading. The asymptotic form G 0 can be associated with the Hadamard condition for a well posed boundary problem. (In momentum space the initial value problem es well posed anyhow.) Forα(k)−1 ∼ k −f1 the difference between G(r, η) and G 0 (r, η) is proportional r f1−2 for r → 0. It is subleading for f 1 > 0. Similarly, forβ(k) ∼ k −f2 and constant δ the contribution to G(r)−G 0 (r) remains subleading for f 2 > 0. We remark that these restrictions concern only the limiting behavior for k → ∞, leaving much freedom in the range of finite k. For fixed η the limit k → ∞ corresponds to u → −∞ such that the approximation (280) is indeed appropriate.
A similar discussion can be done for the infrared behavior. For fixed η the limit k → 0 corresponds to u → 0. Now the terms ∼h andm 2 matter for the issue of infrared finiteness. Specifying initial conditions for some large negative η in the modes relevant for the shape of the spectrum in the far infrared are already out of the horizon at this time. For these modes we can require suitable boundary conditions in order to have a well defined limit both in momentum and position space. The dynamics of such modes far outside the horizon is, however, of no concern to the fate of the modes with wavelength that become observable. The observable modes are all well within the horizon at η in , with large |u in |. Their horizon crossing occurs much later, when u reaches −1. In a sense, the extreme infrared modes only form a background for the observable modes. Their influence can be incorporated effectively into the effective action Γ that is relevant for the observable modes.
Besides the conditions on the ultraviolet and infrared behavior which are not very restrictive for the observable modes, we may also require that the power spectrum should be positive at all times. The conditionG ϕϕ ≥ 0 is obeyed for |β(k)| <α(k),α(k) > 0. We will actually use the stronger "fluctuation constraint" (176) which amounts tõ
3. Processing of initial spectrum by geometry and inflaton potential At a time close to horizon crossing, but still sufficiently before, say u = −10, the initial information is still fully preserved. The spectrum of fluctuations at this time can be associated with the initial spectrum. As a given mode goes through the horizon, say during the interval −10 < u < −0.1, the details of the geometry and inflaton potential lead to a distortion of the initial spectrum. This typically violates scale symmetry since different k modes reach the horizon for different values of η. Nevertheless, this "processing" of the initial spectrum near horizon crossing is a small effect since scale symmetry is approximately realized during inflation. Already a modest deviation of the initial spectrum from the "universal form"α = 1,β = 0 can be comparable to the effect of this processing. In short, the physics relevant at horizon crossing does not "produce" the primordial fluctuation spectrum. It rather processes an "initial spectrum" that keeps memory of the "beginning of inflation". The properties of the detailed geometry at the time of horizon crossing and the shape of the inflaton potential do only determine this processing.
The situation is particularly simple forβ(k) = 0. In this case every k-mode follows precisely the same evolution as for the scaling propagator. Only the amplitude is multiplied byα(k). As a result, the correlation function reads
whereḠ(η, k) denotes the scaling propagator (103). In consequence, the amplitude of the cosmic fluctuations is multiplied byα(k). This can be a factor much larger than one. For the spectral index one finds
andñ s the spectral index forα = 1.
Example for initial conditions
The initial conditions at the beginning of inflation may depend strongly on the particular model for the preinflationary era for our universe. It could be formation of a bubble in chaotic inflation, inflation could last forever since the infinite past, there may be a bounce and many more possibilities. Nevertheless, it seems useful to consider a definite example for an initial correlation function, such that issues of scales become apparent.
For the beginning of inflation we consider a correlation function that approaches the propagator in Minkowski space for wavelengths much smaller than the Planck length, and has large classical fluctuations on length scales larger than the Planck length. Inbetween, there is a smooth crossover, with width △ in logarithmic k-space. Such a spectrum may be modeled by
and β(k) = γ(k) = 0. For the classical fluctuations on large length scales we assume an amplitude much larger than the one for a pure quantum state, A ≫ 1. Thus α(k) varies between one at short distances and A at large distances. We need the value of x that corresponds to the observable fluctuations that leave the horizon around 60 efoldings before the end of inflation. This value will depend on the number N in of e-foldings between the beginning of inflation and horizon crossing of the observable fluctuations. At the beginning of inflation one has k/k 0 =p, wherep is the physical momentum of a given fluctuation in units of the Planck mass M . We denote by a in the scale factor at the beginning of inflation, and a hc the one at horizon crossing. At the beginning of inflation one has k a in =pM,
while at horizon crossing one finds the physical momentum
This yieldsp
and therefore
In terms of a in the crossover scale k 0 is given by
With eq. (291) for x we can compute the amplitude and spectral index for the observable fluctuations. Assuming here for simplicity that the slow roll approximation is valid at horizon crossing one finds
There is a substantial enhancement of the amplitude for x A, while for x ≫ A the Bunch-Davies spectrum becomes a good approximation. For the spectral index one finds n s = 1 + n p − 6ǫ + 2η,
For x ≫ 1 this yields
with larger |n p | for smaller values of x. Small values |n p | ≪ 6ǫ − 2η require a large number of e-foldings N in . Typically, a correction of less than 10% of the standard result for n s − 1 needs for our example a rather large number of e-foldings between the beginning of inflation and horizon crossing N in 250. This demonstrates the important role of an understanding of initial conditions for the quantitative interpretation of CMB-data in terms of the inflaton potential or similar quantities. On the other hand, cosmologies with a very long, perhaps eternal, duration of the inflationary epoch of our universe can provide for an effective approach to the scaling correlation independently of the non-linear effects. For N in → ∞ the effect of the initial conditions becomes negligible in our example. In this limit the relevant part of the initial spectrum is always the extreme ultraviolet tail. If this is given by the universal propagator for Minkowski space one finds at horizon crossing of the observable fluctuations the scaling correlation. This is in line with the general findings of sect. V. Initial values given by the scaling correlation lead to a scaling correlation for all later times. For observations it is sufficient that this holds for the relevant range in k. For N in → ∞ this relevant range is given by the ultraviolet limit k → ∞, for which the universal propagator in Minkowski space can be motivated by various arguments. We may be able to look back to the beginning of inflation. What we may see, under certain circumstances, are simply the Lorentz-invariant fluctuations in flat space.
X. Conclusions
Do the observable primordial cosmic fluctuations keep memory of the "beginning of the universe" or the "beginning of inflation"? The answer to this question is not yet entirely settled at present. This paper develops the conceptual setting for investigations that can clarify the situation. It addresses how questions about the "correct choice" of the Green's function for de Sitter space, the "correct choice" of quantum vacua in time evolving situations or more generally the determination of a universal scaling correlation.
The main unknown for a complete answer is the "equilibration time" it takes for an effective loss of memory of initial conditions for fluctuations in the observable range. At the present stage it is even not settled if equilibration takes place at all. Since interactions are small during inflation one expects, at least, that a possible equilibration time is very long, covering many e-foldings before the observable fluctuations go out of the horizon. Looking back towards the beginning of the universe, observations can detect signals from early stages of inflation, dating back for a time at least as long as the equilibration time.
The key issue are time evolution equations for the correlation functions that permit to follow their fate for rather general "initial conditions". If memory of the detailed initial conditions is lost rapidly enough, a unique propagator is selected as an asymptotic attractor solution. In this case the choice of initial conditions is unimportant for an understanding of the cosmic fluctuations. Their properties will reflect the physical situation in the epoch when the observable fluctuations leave the horizon. Observation of structure in the universe can then determine properties of the inflaton potential or similar quantities. If, in contrast, information about initial conditions still plays a role at horizon crossing, observations can only constrain some combination of physics at horizon crossing and "initial conditions".
The investigation of the present paper has been limited to a scalar field in a given time-evolving background geometry. Interactions are included in form of the inflaton potential. We have made the approximation that non-linear effects due to backreaction and an explicit dependence of the effective action on the correlation function are neglected. In this approximation we find that the information about initial conditions is not lost -equilibration time is infinite. Typically, infinitely many conserved quantities are an obstacle to equilibration. If our approximations are valid since the beginning of inflation, the observed anisotropies in the CMB reflect the initial fluctuation spectrum at the beginning of inflation, with only a modest processing at the time of horizon crossing.
For a very long duration of inflation, perhaps even since the infinite past, we find it likely that some equilibration occurs, at least for the range of wavelengths that are observable and which have been in the extreme ultraviolet in the remote past. For this case we formulate a conjecture that a unique correlation function is selected as an attractor solution. This is similar to the approach to thermal equilibrium. We give a criterion, based on the behaviour of the analytically continued Green's function in the infinite past, which selects this universal scaling correlation uniquely. For free scalar fields in de Sitter space this singles out the Bunch-Davies vacuum, while it can be extended to a large variety of situations, including interacting theories.
A possible equilibration needs non-linear effects beyond our approximation, as backreaction or the explicit dependence of the effective action on G. Even without a detailed investigation of these effects some general features of the approach towards a unique correlation function become visible by our investigation. If the correlation function has reached a state with approximate de Sitter symmetry or scale symmetry already before horizon crossing, the shape of the power spectrum is close to the one assumed in the standard scenarios of inflation. This concerns, in particular, the spectral index. Symmetry is, however, not strong enough to fix the relation between the fluctuation amplitude and the Hubble parameter at the time of horizon crossing. For the latter some type of fluctuationdissipation relation is needed. We conclude that a rather rough approach of the correlation functions towards an equilibrated state is sufficient to realize the overall picture of fluctuations in inflationary cosmology. This is analogous to prethermalization [42] where only rough properties of correlation functions can reproduce some characteristic features of thermal equilibrium states.
When it comes to precision and the determination of the inflaton potential by observation of the cosmic microwave background, the situation is less clear. The deviation of the spectral index n s from one is already a small quantity, such that rather modest memory of the initial state could distort it. For n s − 1 one has to compare the scaling violation from the time evolution of the Hubble parameter and the effective inflaton mass term (the parameters ǫ and η in the slow roll approximation) with the size of effects induced by memory of the initial state. Only if the latter are negligible the usual analysis in terms of ǫ and η is justified.
Even if an approach towards a unique correlation function takes place (what we believe), the issue of the time scale for such an equilibration process remains important. For a scalar theory in a given background this "equilibration time" would diverge in the limit where the interactions go to zero. In the presence of metric fluctuations one has to asses the quantitative role of the gravitational interactions that are always present. For the interpretation of observations the time scale for the approach to a symmetric state ("symmetrization" or "generalized isotropization" [42] ) is particularly relevant.
Symmetrization and more general equilibration is not expected to affect all wavelengths equally. The extreme infrared scales k → 0 are already outside the horizon very early in inflation and therefore not subject to equilibration processes. On the other hand, for the ultraviolet limit of the spectrum, k → ∞, one may expect equilibration on comparatively short time scales. If couplings are taken dimensionless and k/a exceeds all mass scales in the theory, one expects for the equilibration time t eq = σ/k, with σ a (possibly very large) dimensionless factor depending on couplings. (For vanishing interactions or in the presence of conserved quantities that obstruct equilibration σ diverges.) In the extreme ultraviolet limit the evolution equation for the correlation function approaches the one for a free massless field in Minkowski space. It is reasonable to assume that for k → ∞ the asymptotic solution is the free propagator in flat space.
If the number of e-foldings N in between the beginning of inflation and horizon crossing of the observable fluctuations tends to infinity, the above considerations select the scaling correlation according to our conjecture. This holds for any finite σ. For N in → ∞ the observable fluctuations correspond to k → ∞. Also the time towards the beginning of inflation diverges, such that equilibration becomes arbitrarily accurate. On the other hand, for small N in the time since the beginning of inflation will not suffice to produce a strong equilibration. In this case the state of the universe at the beginning of inflation becomes observable. Inbetween, there will be a valueÑ in such that for N in ≫Ñ in the memory of initial conditions is effectively lost, while for N in Ñ in observations are sensitive to the state of the universe at the beginning of inflation. The main open point for an answer to our question concerns the quantitative determination ofÑ in . This may depend on the particular inflationary model.
We have addressed the issue of the influence of initial conditions within the framework of the quantum effective action Γ. This offers the advantage that all effects of fluctuations are already incorporated in the effective action. The second functional derivative of Γ yields an exact relation for the propagator and determines its time evolution. The complicated discussion of quantum vacua in a timeevolving situation and the "correct choice" of such a vacuum are avoided in our setting. Once the effective action is computed or assumed, the determination of the Green's function becomes an issue of "classical" field theory.
Powerful functional methods for the computation of Γ are available, as functional renormalization or the nonequilibrium two-particle irreducible effective action. We hope that the relevance of initial conditions for the cosmic fluctuations can be settled quantitatively by such methods.
Appendix A: Fluctuation-dissipation relation
In this appendix we briefly discuss some aspects of the fluctuation-dissipation relation. The antisymmetric part of G > corresponds to the spectral function ρ ρ(k, η, η ′ ) = 2iG a (k, η, η ′ ).
For a unique Green's function the symmetric part G s is related to ρ. Since G s describes the statistical information of the correlation function while ρ contains information about decay rates of unstable particles, this connection is called a fluctuation-dissipation relation. For the most general solution of the propagator equation G s contains free parameters. Memory of these parameters has to be lost when the propagator approaches a universal form. The "equilibration" can therefore be seen as the dynamical establishment of a fluctuation-dissipation relation.
